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Abstract. We develop a theory for the existence of perfect matchings in hypergraphs 
under quite general conditions. Informally speaking, the obstructions to perfect matchings 
are geometric, and are of two distinct types: 'space barriers' from convex geometry, and 'di- 
visibility barriers' from arithmetic lattice-based constructions. To formulate precise results, 
we introduce the setting of simplicial complexes with minimum degree sequences, which is 
a generalisation of the usual minimum degree condition. We determine the essentially best 
possible minimum degree sequence for finding an almost perfect matching. Furthermore, 
our main result establishes the stability property: under the same degree assumption, if 
there is no perfect matching then there must be a space or divisibility barrier. This allows 
the use of the stability method in proving exact results. Besides recovering previous re- 
sults, we apply our theory to the solution of two open problems on hypergraph packings: 
the minimum degree threshold for packing tetrahedra in 3-graphs, and Fischer's conjecture 
on a multipartite form of the Hajnal-Szemeredi Theorem. Here we prove the exact result 
for tetrahedra and the asymptotic result for Fischer's conjecture; since the exact result for 
the latter is technical we defer it to a subsequent paper. 



1. Introduction 

Hypergraph matching^) provide a general framework for many important Combinatorial 
problems. Two classical open problems of this nature are the question of whether there 
exist designs of arbitrary strength, and Ryser's conjecture that every Latin square of odd 
order has a transversal; these are both equivalent to showing that some particular hyper- 
graphs have perfect matchings. Furthermore, matchings are also an important tool for many 
practical questions, such as the 'Santa Claus' allocation problem (see [Tj). However, while 
Edmonds' algorithm [10] provides an efficient means to determine whether a graph has a 
perfect matching, the decision problem is NP-complete in fc-graphs for k > 3 (it is one of 
Karp's original 21 NP-complete problems [18J). Thus we do not expect a nice characterisa- 
tion, so we concentrate on natural sufficient conditions for finding a perfect matching. One 
natural hypergraph parameter that is widely considered in the literature is the minimum 
degree 5(G), which is the largest number m such that every set of k — 1 vertices is contained 
in at least m edges of G. What is the minimum degree threshold for finding a perfect match- 
ing? (We assume that k\n, where n = \V\.) For graphs {k = 2) a straightforward greedy 
argument shows that the threshold is n/2 (or one can deduce it from Dirac's theorem [9], 
which states that the same threshold even gives a Hamilton cycle). The general case was 
a long-standing open problem, finally resolved by Rodl, Rucihski and Szemeredi [37], who 
determined the threshold precisely for large n: it is n/2 — k + C, where C E {1.5, 2, 2.5, 3} 
depends on arithmetic properties of k and n. We refer the reader to the survey by Rodl 
and Rucihski [36] for many further results on degree conditions for matchings and Hamilton 
cycles in hypergraphs. 



Date: August 9, 2011. 

Research supported in part by ERC grant 239696 and EPSRC grant EP/G056730/1. 

1 A hypergraph G consists of a vertex set V and an edge set E, where each edge e £ E is a subset of V . 
We say G is a k-graph if every edge has size k. A matching M is a set of vertex disjoint edges in G. We call 
M perfect if it covers all of V. 
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To motivate the results of this paper it is instructive to consider the extremal examples 
for the minimum degree problems. Consider a graph G\ on n vertices whose edges are all 
pairs incident to some set S of size n/2 — 1. Then S(Gi) = n/2 — 1, and G\ has no perfect 
matching, as each edge of a matching M uses a vertex in S, so \M\ < \S\; we say that 
Gi has a space barrier. Now suppose n/2 is odd and consider a graph G2 on n vertices 
consisting of two disjoint complete graphs of size n/2. Then ^(G^) = n/2 — 1, and G2 has 
no perfect matching, but for the different reason that edges have even size; we say that G2 
has a divisibility barrier. While these two examples are equally good for graphs, for general 
/c-graphs a separation occurs. For G\ we take a fe-graph whose edges are all /c-tuples incident 
to some set S of size n/k — 1; this satisfies S(G\) = n/k — 1. For G2 we take a fc-graph 
whose edges are all fc-tuples that have an even size intersection with some set S such that 
n/2 - 1 < I SI < (n + l)/2 and \S\ is odd; this satisfies 5(Gt) = n/2 - k + C, being one 
of the extremal constructions in the result of [37] mentioned above. One should also note 
that space is a robust obstruction to matchings, in that the size of a maximum matching in 
G\ may be decreased by decreasing \S\, whereas divisibility is not robust, in the sense that 
any construction similar to G2 has an almost perfect matching. In fact, Rodl, Rucihski and 
Szemeredi |38j showed that the minimum degree threshold for a matching of size n/k — t 
with t > k — 2 is n/k — t. Thus we see a sharp contrast between the thresholds for perfect 
matching and almost perfect matching. 

The main message of this paper is that space and divisibility are the determining factors 
for perfect matchings in hypergraphs under quite general conditions, and that these factors 
are inherently geometric. The first part of the geometric theory was anticipated by a re- 
sult on fractional perfect matchings in [38] that we generalise here. The key point is that 
fractional perfect matchings correspond to representing a constant vector as a convex com- 
bination of edge vectors, so non-existence of fractional perfect matchings can be exploited in 
geometric form via separating hyperplanes. Furthermore, the fractional problem has bearing 
on the original problem through standard 'regularity machinery', which converts a fractional 
solution into a matching covering all but o(n) vertices for large n. The second part of the 
theory is to understand when the number of uncovered vertices can be reduced to a constant 
independent of n. The idea here can only be properly explained once we have described the 
regularity embedding strategy, but a brief summary is as follows. Firstly, the o(n) uncov- 
ered vertices arise from imbalances created when converting from the fractional to the exact 
solution. Secondly, the possible 'transferrals' of imbalances can be expressed geometrically 
by defining an appropriate polyhedron and testing for a ball around the origin of some small 
constant radius; this can also be understood in terms of separating hyperplanes. Thus the 
first two parts of the theory are problems of convex geometry, which correspond to space 
barriers. The third part of the theory concerns divisibility barriers, which determine when 
the number of uncovered vertices can be reduced from a constant to zero. We will see that in 
the absence of space barriers, perfect matchings exist except in hypergraphs that are struc- 
turally close to one of a certain class of arithmetic constructions defined in terms of lattices 
in Z d for some d < k. Furthermore, since the constructions with space or divisibility barriers 
do not have perfect matchings, in a vague sense we have 'the correct theory', although this 
is not a precise statement because of additional assumptions. Our theory is underpinned by 
the 'strong' hypergraph regularity theory independently developed by Gowers [H] and Rodl 
et al. [TU [33j [39j HO] , and the recent hypergraph blowup lemma of Keevash [19J. Fortunately, 
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this part of the argument is mostly covered by existing machinery, so the majority of this 
paper is devoted to the geometric theory outlined above. 

To formulate precise results, we introduce the setting of simplicial complexes with mini- 
mum degree sequences, which is a generalisation of the minimum degree condition previously 
considered. In this setting our main theorems (stated in Section I2.4p give minimum degree 
sequences that guarantee a perfect matching for hypergraphs that are not close to a lattice 
construction. These minimum degree sequences are best possible, and furthermore have 
the 'stability' property that, unless the hypergraph is structurally close to a space barrier 
construction, one can find a perfect matching even with a slightly smaller degree sequence. 
We defer the statements until we have given the necessary definitions in the next section. 
For now we want to emphasise the power of this framework by describing its application 
to the solutions of two open problems on packings. Suppose G is a A;-graph on n vertices 
and H is a fc-graph on h vertices, where h\n (we think of h as fixed and n as large). An 
H -packing in G is a set of vertex-disjoint copies of H inside G; it is perfect if there are n/h 
such copies, so that every vertex of G is covered. In the case when H is a single edge we 
recover the notion of (perfect) matchings. As for matchings we have the natural question: 
what is the minimum degree threshold for finding a perfect //-packing? Even for graphs, 
this is a difficult question with a long history. One famous result is the Hajnal-Szemeredi 
theorem [16], which determines the threshold for the complete graph K r on r vertices: if 
r\n and 5(G) > (r — l)n/r then G has a /f r -packing, and this bound is best possible. It is 
interesting to note that this is essentially the same threshold as for the Turan problem [33] 
for K r+ \, i.e. finding a single copy of the complete graph with one more vertex. The perfect 
packing problem for general graphs H was essentially solved by Kiihn and Osthus [25], who 
determined the threshold for large n up to an additive constant C(H). The precise state- 
ment would take us too far afield here, but we remark that the threshold is determined by 
either space or divisibility barriers, and that the dependence on the chromatic number of H 
continues a partial analogy with Turan problems. We refer the reader to their survey [26] 
for further results of this type. 

For hypergraph packing problems, the natural starting point is the tetrahedron iff, i.e. 
the complete 3- graph on 4 vertices. Here even the asymptotic existence threshold is a long- 
standing open problem; this is an important test case for general hypergraph Turan problems, 
which is a difficult area with very few known results (see the survey by Keevash |19|). In light 
of this, it is perhaps surprising that we are able here to determine the tetrahedron packing 
threshold for large n, not only asymptotically but precisely. One should note that the two 
problems are not unrelated; indeed Turan-type problems for the tetrahedron are required 
when showing that there are no divisibility barriers (but fortunately they are more tractable 
than the original problem!) The extremal example for the perfect tetrahedron packing 
problem is by no means obvious, and it was several years after the problem was posed 
by Abbasi (reported by Czygrinow and Nagle [6]) that Pikhurko [3JJ provided the optimal 
construction (we describe it in Section [8]). Until recently, the best published upper bounds, 
also due to Pikhurko [34J, were 0.8603 . .. n for the perfect packing threshold and 3n/4 for 
the almost perfect packing threshold. More recent upper bounds for the perfect packing 
threshold are 4n/5 by Keevash and Zhao (unpublished) and (3/4 + o(l))n independently 
by Keevash and Mycroft (earlier manuscripts of this paper) and by Lo and Markstrdm [27] 
(posted online very recently). It is instructive to contrast the 'absorbing technique' used in 



■1 



PETER KEEVASH AND RICHARD MYCROFT 



the proof of [27] with the approach here; we will make some remarks later to indicate why 
our methods seem more general and are able to give the exact result, which is as follows. 

Theorem 1.1. There exists uq such that if G is a 3- graph on n > uq vertices such that 
4 I n and 



5(G) > 



f3n/4-2 if8\n 
I 3n/4 — 1 otherwise, 

then G contains a perfect K\ -packing. This minimum degree bound is best possible. 

Our second application is to a conjecture of Fischer |12| on a multipartite form of the 
Hajnal-Szemeredi Theorem. Suppose V\, . . . , are disjoint sets of n vertices each, and G is 
a fc-partite graph on vertex classes Vi, . . . , Vk (that is, G is a graph on V\ U ■ • -U Vk such that 
no edge of G has both vertices in the same Vj). Then we define the partite minimum degree 
of G, denoted 5*(G), to be the largest m such that every vertex has at least m neighbours 
in each part other than its own, i.e. 

<5* (G) = min min min \N(v ) D VA, 
i£{k]vev t j£ik]\{i} J 

where N(y) denotes the neighbourhood of v. Fischer conjectured that if 5*(G) > (k — 
l)n/k + 1 then G has a perfect -K^-packing (actually his original conjecture did not include 
the +1, but this stronger conjecture is known to be false). The case k = 2 of the conjecture 
is an immediate corollary of Hall's Theorem, whilst the cases k = 3 and k = 4 were proved 
by Magyar and Martin [29] and Martin and Szemeredi [30] respectively. Also, Csaba and 
Mydlarz [5] proved a weaker version of the conjecture in which the minimum degree condition 
has an error term depending on k. The following theorem, an almost immediate corollary 
of our results on hypergraph matchings, gives an asymptotic version of this conjecture for 
any k. 

Theorem 1.2. For any k and c > there exists n such that if G is a k-partite graph with 
parts V\, ■■ ■ , Vfc of size n and5*(G) > (k — l)n/k+cn, then G contains a perfect K^-packing. 

In fact, by considering the near-extremal cases of the conjecture using the 'stability prop- 
erty' of our main theorem, we are able to prove an exact result in [22], namely that Fischer's 
conjecture holds for any sufficiently large n. However, this stability analysis is lengthy and 
technical, so we prefer to divest this application from the theory developed in this paper. 

As mentioned above, we will deduce both Theorems 11.11 and 1 1 . 2 1 from a general framework 
of matchings in simplicial complexes. These will be formally defined in the next section, but 
we briefly indicate the connection here. For Theorem II .11 we consider the 'clique 4-complex', 
with the tetrahedra in G as 4-sets, G as 3-sets, and all smaller sets; for Theorem 11.21 we 
consider the 'clique /c-complex', with the j-cliques of G as j-sets for j < k. In both cases, 
the required perfect packing is equivalent to a perfect matching using the highest level sets 
of the clique complex. 

Notation. The following notation is used throughout the paper: [k] = {1, . . . , k}; if X is a 
set then ( fc ) is the set of subsets of X of size k, and ( <fc ) = [j i<k ( i ) is the set of subsets of 
X of size at most k; o(l) denotes a term which tends to zero as n tends to infinity; i < i/ 
means that for every y > there exists some xq > such that the subsequent statement 
holds for any x < xq (such statements with more variables are defined similarly). We write 
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x = y ± z to mean y — z < x < y + z. Also we denote all vectors in bold font, and their 
co-ordinates by subscripts of the same character in standard font, e.g. a = (ai, . . . , a n ). 

2. Results and examples 

In this section we state our main theorems on perfect matchings in simplicial complexes. 
For almost perfect matchings it requires no additional work to obtain more general results 
that dispense with the 'downward closure' assumption. However, for perfect matchings it is 
more convenient to assume downward closure, which seems to hold in any natural application 
of our results, so we will stick to simplicial complexes, and make some remarks later on how 
the approach may be generalised. We also discuss several examples that illustrate various 
aspects of the theory: space barriers and tightness of the degree condition, lattice-based 
constructions, and generalisations of previous results. 

2.1. Almost perfect matchings. We start with some definitions. We identify a hyper- 
graph H with its edge set, writing e G H for e G E(H), and \H\ for \E(H)\. A k-system is a 
hypergraph J in which every edge of J has size at most k and G J. We refer to the edges 
of size r in J as r '-edges of J, and write J r to denote the r-graph on V{ J) formed by these 
edges. It may be helpful to think of the r-graphs J r as different 'levels' of the /c-system J. A 
k-complex J is a /c-system whose edge set is closed under inclusion, i.e. if e G H and e' C e 
then e' G H. That is, each level of J is supported by the levels below it. For any non-empty 
fe-graph G, we may generate a /c-complex G- whose edges are any e C V{G) such that e C e' 
for some edge e' G G. 

We introduce the following notion of degree in a /c-system J. For any edge e of J, the 
degree d(e) of e is the number of (|e| + l)-edges e' of J which contain e as a subset. (Note 
that this is not the standard notion of degree used in k- graphs, in which the degree of a set 
is the number of edges containing it.) The minimum r-degree of J, denoted 5 r (J), is the 
minimum of d(e) taken over all r-edges e G J. So every r-edge of J is contained in at least 
S r (J) of the (r + l)-edges of J. Note that if J is a /c-complex then 5 r (J) < 5 r _i(J) for each 
r G [k — 1]. The degree sequence of J is 5(J) = (6q(J), <5i(J), • • • , Sk-i(J))- 

Our minimum degree assumptions will always be of the form 6 (J) > a pointwise for some 
vector a = (ao, • • • , afc-i), i-e. 5{(J) > a\ for < i < k — 1. It is helpful to interpret this 
'dynamically' as follows: when constructing an edge of Jk by greedily choosing one vertex 
at a time, there are at least Oj choices for the (i + l)st vertex (this is the reason for the 
requirement that G J, which we need for the first choice in the process). To see that this 
generalises the setting of minimum degree in hypergraphs, consider any A:- graph G and let J 
be the /c-system on V(G) with = G and complete lower levels J{ = ( V ^), < i < k— 1. 
Then 5( J) = (n, n — 1, . . . , n — k + 2, 5(G)) is a degree sequence in which the first k — 1 
co-ordinates are as large as possible, so any minimum degree condition for this A:-system 
J reduces to a minimum degree condition for G. More generally, for any i > 0, define an 
i-clique of G to be a set / C V(G) of size i such that every K C / of size k is an edge of 
G (this last condition is vacuous if i < k). The clique r -complex J r (G) of G is defined by 
taking J r {G)i to consist of the i-cliques of G for < i < r. To see the power in the extra 
generality of the degree sequence setting, consider the 4-graph of tetrahedra in a 3-graph 
G. This does not satisfy any minimum degree condition as a 4-graph, as non-edges of G are 
not contained in any 4-edges; on the other hand, we will see later that a minimum degree 
condition on G implies a useful minimum degree condition for the clique 4-complex. 
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Our first theorem on hypergraph matchings gives a sufficient minimum degree sequence 
for a fc-system to contain a matching covering almost all of its vertices. 

Theorem 2.1. Suppose that 1/n <C a <C 1/k, and that J is a k-system on n vertices with 

6(J)>(n, »> (^-«) ...... (J -«) " 

T/ien Jfc contains a matching which covers all but at most 9k 2 an vertices of J. 

Next we describe a family of examples showing that Theorem 12.11 is best possible up to 
the constant 9k 2 (which we do not attempt to optimise), in the sense that there may not 
be any almost perfect matching if any co-ordinate of the degree sequence is substantially 
reduced. 

Construction 2.2. (Space barriers) Suppose V is a set of n vertices, j £ [k — 1] and 
S C V. Let J = J(S,j) be the k-complex in which Ji (for < i < k) consists of all i-sets in 
V that contain at most j vertices of S. Note that Ji = ( ?; ) is complete for i < j. We have 

k, 



5i(J) = n — i for < i < j — 1 and 5i(J) = n—\S\ — (i— j). Choosing \S\ = f| + a^j n 



we see that the minimum degree condition of Theorem \2.1\ is satisfied. However, every edge 
of Jk has at least k — j vertices inV\S, so the maximum matching in Jk has size 
which leaves at least an — k uncovered vertices. 



\v\s\ 
k-j 



In these examples we have a space barrier for matchings, which is robust in the sense 
that the number of uncovered vertices varies smoothly with the minimum degree sequence. 
Our preliminary stability result is that space barriers are the only obstructions to finding 
a matching that covers all but a constant number of vertices. Note that we cannot avoid 
leaving a constant number of uncovered vertices because of divisibility barriers (discussed 
below). Our structures permit some small imperfections, defined as follows. Suppose G and 
H are fe-graphs on the same set V of n vertices and < /3 < 1. We say that G is f3 -contained 
in H if all but at most f3n k edges of G are edges of H. 

Theorem 2.3. Suppose that 1/n -C l/l <C a -C j3 -C 1/k. Let J be a k-complex on n 
vertices such that 

S(J) > (n, - a) n, " «) n,...,Q-a)n 

Then J has at least one of the following properties: 

1 (Matching): contains a matching that covers all but at most I vertices. 

2 (Space barrier): Jk is /3-contained in J(S,j)k for some j £ [k — 1] and S C V(J) 
with \S\ = [jn/k\ . 

2.2. Partite systems. We will also require 'partite' analogues of our hypergraph matching 
theorems. A partition V of a set V is a sequence of disjoint sets V\, . . . ,Vk whose union is 
V; we refer to the sets Vi as the parts of V, and write U £ V to mean that U is a part of V . 
Note that we consider the partition V to describe not just the contents of each part but also 
the order of the parts. We say that the partition V is balanced if each part has the same 
size. 

Let LI be a hypergraph, and let V be a partition of V(H). Then we say a set S C V(H) 
is V -partite if if has at most one vertex in any part of V, and that H is V -partite if every 
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edge of H is P-partite. We say that H is r-partite if there exists some partition V of V{H) 
into r parts such that H is "P-partite. For r-partite fc-systems we introduce the following 
alternative notion of degree. Let V be a set of vertices, let V be a partition of V into r 
parts Vi,...,V r , and let J be a "P-partite fc-system on V. For each < j < k — 1 we define 
the partite minimum j -degree 5j(J) as the largest m such that any j-edge e has at least m 
extensions to a (j + l)-edge in any part not used by e, i.e. 

5*(J):= mm min \{v €% : eU {v} € J}\. 

J eeJj i:eC\Vi=® 

The partite degree sequence is 5*(J) = (<5q(J), . . . , 8%._i(J))- Note that we suppress the 
dependence on V in our notation: this will be clear from the context. 

Our next theorem is an analogue of Theorem 12.11 for r-partite fc-systems. 

Theorem 2.4. Suppose that 1/n <C a <C 1/r < 1/k, and that J is a r-partite k-system on 
vertex classes each of n vertices with 

5*(J)>[n, (^x 1 -") n, (^-«) n,...,Q-a)n 

Then Jk contains a matching which covers all but at most 9k 2 ran vertices of J. 

To see that this is best possible in the same sense as for Theorem 12. II we use the natural 
partite version of Construction [2721 which shows that there may not be any almost perfect 
matching if any co-ordinate of the partite degree sequence is substantially reduced. 

Construction 2.5. (Partite space barriers) Suppose V partitions a set V into r parts 
V\, . . . ,V r of size n. Let j £ [k — 1], S C V and J = J r (S,j) be the k-complex in which Ji 
(for < i < k) consists of all V -partite i-sets in V that contain at most j vertices of S. We 

choose S to have s = (j^ + a j n vertices in each part. Then 6*(J) = n for < i < j — 1 

and S*(J) = n — s for j < i < k — 1, so the minimum partite degree condition of Theorem \2.J\ 



\v\s\ 
k-j 



which leaves at least 



is satisfied. However, the maximum matching in Jk has size 
r(an — k) uncovered vertices. 

We also have the following stability result analogous to Theorem 12.31 

Theorem 2.6. Suppose that 1/n <C l/£ <C a -C /3 <C 1/r < 1/k. Let V partition a set V 
into parts V\, . . . , V r each of size n, and let J be a V -partite k-complex on V with 

6*(J) > (n, ( ^— ^ - a) n, ( H - a ) n, . . . , ( ~ - a ) n 



k J \ k J \k 
Then J has at least one of the following properties: 

1 (Matching): contains a matching that covers all but at most I vertices. 

2 (Space barrier): is ^-contained in J r (S,j)k for some j £ [k — 1] and S C V 
with [jn/k\ vertices in each Vi, i G [r]. 

2.3. Lattice-based constructions. Having described the general form of space barriers, 
we now turn our attention to divisibility barriers. For this we need the notion of index 
vectors, which will play a substantial role in this paper. Let V be a set of vertices, and let 
V be a partition of V into d parts V\, . . . , V^. Then for any S C V, the index vector of S 
with respect to V is the vector i-p(S) := (\S PI Vi\, . . . , \S n Vd\) in Z d . When V is clear from 
the context, we write simply i(S) for i-p(S). So i(S) records how many vertices of S are in 
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each part of V . Note that i(S) is well-defined as we consider the partition V to define the 
order of its parts. 

Construction 2.7. (Divisibility barriers) Suppose L is a lattice in % d (i.e. an additive 
subgroup) with i(V) £ L, fix any k > 2, and let G be the k-graph on V whose edges are all 
k-tuples e with i(e) G L. For any matching M in G with vertex set S = U e gM e we have 
i(S) = X^eeMK e ) ^ L. Since we assumed that i(V) ^ L it follows that G does not have a 
perfect matching. 

We will now give some concrete illustrations of this construction. 

(1) Suppose d = 2 and L = ((— 2, 2), (0, 1)) . Note that (x,y) G L precisely when x is 
even. Then by definition, |Vi| is odd, and the edges of G are all A;-tuples e C V 
such that |e D V\\ is even. If \V\ = n and \Vi\ ~ n/2, then we recover the extremal 
example mentioned earlier for the minimum degree perfect matching problem. The 
generated fc-complex G- has <5j(G-) ~nfor0<i</c — 2 and 5k-i{G-) ~ n/2. 

(2) Suppose d = 3 and L = ((-2, 1, 1), (1, -2, 1), (1, 0, 0)) . Note that (x,y,z) G L 
precisely when y = z mod 3. Thus |Vjj| 7^ | V3 1 mod 3 and the edges of G are all 
fc-tuples e C V such that |e n V2I = |e D V3I mod 3. Note that for any (k — l)-tuple 
e' C V there is a unique j G [3] such that such that i(e') + Uj G L, where Uj is 
the jth standard basis vector. (We have j = 1 if i(e')2 = i(e')3 mod 3, j = 2 if 
i(e') 2 = i(e') 3 - 1 mod 3, or j = 3 if i(e') 2 = i(e') 3 + 1 mod 3.) If |V| = n and 
l^lUVaU^j ~ n/3 then ^(G^) ~ n for < i < - 2 and 5 fe _i(G^) ~ n/3. 
Mycroft [32] showed that this construction is asymptotically extremal for a range 
of hypergraph packing problems. For example, he showed that any 4-graph G on n 
vertices with 7 | n and 5(G) > n/3 + o(n) contains a perfect iT^ 1 j^-packing, where 
K\y 1 x denotes the complete 4-partite 4-graph with vertex classes of size 4, 1, 1 and 
1 respectively; this construction demonstrates that this bound is best possible up to 
the o(n) error term. 

For simplicity we only gave approximate formulae for the degree sequences in these ex- 
amples, but it is not hard to calculate them exactly. Note that the index vectors of edges 
in a /c-graph belong to the hyperplane {x G W 1 : Ylie[d\ Xi = ^i - ^ ne intersection of 
this hyperplane with the lattice L is a coset of the intersection of L with the hyper- 
plane H d = {x G M. d : J2ie[d] x i = 0}> Thus it is most convenient to choose a basis of 
L that includes a basis of L n H d , as in the above two examples. In order for the con- 
struction to exist it must be possible to satisfy i(V) ^ L, so L should not contain the 
lattice Mj} = {x G Z d : k \ ^2ie[d] x i}- We say that L is complete if M d C L, oth- 
erwise L is incomplete. Assuming that L contains some v with v i = ^> an equiva- 
lent formulation of completeness is that L n II rf = 7L d D II rf , since this is equivalent to 
L n (U d + v) = Z d n (U d + v) = {x G Z d : ^ ie[d] x< = A;}, and so to C L. 

There is a natural notion of minimality for lattice-based constructions. We say that L is 
minimal if it does not contain any difference of standard basis vectors, i.e. a vector of the 
form Uj — Uj with i ^ j. If L is not minimal, then the construction for L can be reformulated 
using a lattice of smaller dimension. Without loss of generality we may consider the case 
that u^_! — Urf G L. Then we replace V by the partition of V into d — 1 parts obtained 
by combining V^-i and V^, and replace L by the lattice V consisting of all x G such 
that (x\, . . . , Xd-i, 0) G L. We remark that a minimal lattice in Z rf has index at least d as a 
subgroup of Z d . To see this, note that the cosets L + (ui — Uj), 1 < i < d must be distinct, 
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otherwise there is some x G Z d and i, j G [d] for which x = v + ui — Uj = v' + ui — Uj with 
v, v' G L, which gives Uj — Uj = v — v' G L, contradicting minimality. 

2.4. Perfect matchings. For our main theorems we specialise to the setting of simplicial 
complexes, which will simplify some arguments and is sufficiently general for our applications. 
Under the same minimum degree assumption that is tight for almost perfect matchings, we 
refine the results above, by showing that either we have a perfect matching, or we have a 
structural description for the complex: it either has a space barrier or a divisibility barrier. 
It is remarkable that this rigidity emerges from the purely combinatorial degree sequence 
assumption, and that it exhibits these two very different phenomena, one tied to convex 
geometry and the other to integer lattices. 

Our structures permit some small imperfections, defined as follows. Recall that we say 
that a fc-graph G is f3- contained in a /c-graph H if all but at most /3n fc edges of G are edges of 
H. Also, given a partition V of V into d parts, we define the f3 -robust edge lattice Lj,(G) C 'L d 
to be the lattice generated by all vectors v G 7L d such that there are at least fin k edges e G G 
with i-p(e) = v. Recall that we call a lattice LCZ d complete if L n U d = 7L d n U d , where 
H d = {x G M. d : X^eMl Xi = Recall also that the space barrier constructions J(S,j) were 
defined in Section 12.11 Now we can state our first main theorem. 

Theorem 2.8. Suppose that 1/n <^ a <^ fi, /3 <C 1/k and that k \ n. Let J be a k-complex 
on n vertices such that 

6{ J) > ( n > ( nr - a ) n ' \k~ a ) n 

Then J has at least one of the following properties: 

1 (Matching): contains a perfect matching. 

2 (Space barrier): is (3-contained in J(S,j)k for some j G [k — 1] and S C V(J) 
with \S\ = jn/k. 

3 (Divisibility barrier): There is some partition V ofV(J) into d<k parts of size 
at least Sk-i(J) — [in such that L^p^J^) is incomplete. 

Our second main theorem is a partite version of the previous result. Recall that the space 
barrier constructions in this setting are described in Construction 12.51 We also need to 
account for the original partition when classifying edge lattices as follows. Suppose V is a 
partition of V into d parts (V±, . . . , Vd) that refines a partition V' of V. Let L-p-pi C Z d nU d be 
the lattice generated by all differences of basis vectors Uj — uj for which V{ , Vj are contained 
in the same part of V' . We say that a lattice L C Z, d is complete with respect to V' if 
L-p-pi C L n Tl d , otherwise we say that L is incomplete with respect to V'. 

Theorem 2.9. Suppose that l/n<a</J,|3<l/r< 1/k. Let V' partition a set V into 
parts Vi, . . . , V r each of size n, where k \ rn. Suppose that J is a V' -partite k-complex with 

6*(J)>(n, (^-a) n, n,... > Q-a)n 

Then J has at least one of the following properties: 

1 (Matching): contains a perfect matching. 

2 (Space barrier): Jfc is [3-contained in J T {S,j)k for some j G [k — 1] and S C V 

with [jn/k\ vertices in each Vi, i G [r]. 
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3 (Divisibility barrier): There is some partition V ofV(J) into d < kr parts of size 
at least 5%_i{J) — (J>n such that V refines V' and L^(Jk) is incomplete with respect 
to V'. 

2.5. Further results. Theorems 12.81 and 12.91 can be applied to a variety of matching and 
packing problems in graphs and hypergraphs. Indeed, in this section we give a short deduc- 
tion of Theorem 11.21 from Theorem 12.91 whilst in Section [8] we use Theorems 12.81 to prove 
Theorem 11.11 We can also recover and find new variants of existing results. For example, 
consider the result of Rodl, Rucihski and Szemeredi [37] on the minimum degree threshold 
for a perfect matching in a fc-graph. Their proof proceeds by a stability argument, giving 
a direct argument when the /c-graph is close to an extremal configuration, and otherwise 
showing that even a slightly lower minimum degree is sufficient for a perfect matching. Our 
results give a new proof of stability under a much weaker degree assumption. In the following 
result, we only assume that the minimum degree of G is a bit more than n/3, and show that 
if there is no perfect matching then G is almost contained in an extremal example. In fact, 
with a bit more work (and a stronger degree assumption) we can show that G is contained 
in an extremal example (see Theorem 18.21 p . This requires some technical preliminaries, so 
we postpone the proof for now. 

Theorem 2.10. Suppose l/n <C b,c <C 1, k > 3 and G is a k-graph on n vertices with 
5(G) > (1/3 + c)n and no perfect matching. Then there is a partition of V(G) into parts 
Vi,V2 of size at least 5(G) and a G {0, 1} so that all but at most bn k edges e of G have 
| e Pi V\ | = a mod 2 . 

Proof. Introduce constants /i,/3 with l/n <C //, /3 <C b, c. Let J be the (clique) fc-complex 
with Jfc = G and Jj complete for i < k. Suppose that does not have a perfect matching. 
Then one of options 2 and 3 must hold in Theorem 12.81 First consider option 2, that Jj, is 
/3-contained in J(S,j)k for some j G [k — 1] and S C V(J) of size jn/k. So IS"! < (k— l)n/k, 
and by averaging there is a (k — l)-tuple T C V(G) \ S that is contained in at most k k k\j3n 
edges of G \ J(S,j)k- Any edge e of G containing T has at most one vertex in S, so can 
only appear in J(S,j)k in the case j = 1. Thus we have d(T) < n/k + k k k\f3n < (1/3 + c)n, 
contradicting the minimum degree assumption. Now consider option 3, that there is some 
partition V of V(J) into parts of size at least 5(G) — fin such that Lp(Jk) is incomplete. 
Since 5(G) — fin > n/3 there must be 2 such parts, and L^(Jk) n II 2 is generated by (— t, t) 
for some t > 2. We cannot have t > 2, as then neither (k — 2, 2) nor (k — 1, 1) lie in Lp(Jk), 
and so the at least (n/3) k ~ l / (k — 1)! (k — l)-tuples of index (k — 2, 1) are contained in the 
at most 1\m k edges of these two indices. By averaging some such (k — l)-tuple would then 
be contained in at most 3 fc fc!/xn fc edges of G, contradicting the minimum degree assumption. 
So we must have t = 2, and the result follows. □ 

We now present the deduction of Theorem 11.21 from Theorem 12.91 

Proof of Theorem 11.21 Introduce constants /i, f3 with l/n ^ /x, j3 c. Let J be the 
clique fc-complex of G. Then 5i(J) > (k — i)n/k + icn for < i < k — 1. Thus we can apply 
Theorem I2.9j we will show that options 2 and 3 cannot hold. First consider option 2, that 
Jk is /3-contained in Jk(S,j)k for some j G [k — 1] and S C V(J) with |5 n Vi\ = jn/k for 
each i £ [k]. The minimum degree sequence provides many ordered (k — j + l)-cliques within 
V(J)\S: when greedily choosing the vertices one at a time there are at least (k— j —i)n / k+icn 



A GEOMETRIC THEORY FOR HYPERGRAPH MATCHING 



11 



choices for the (i + l)st vertex, so we obtain at least c{n/k) k ~^ +1 such cliques. Then we can 
extend each such ordered clique to an ordered A;-clique with no restrictions on the choices, 
so that there are at least (k — i)n/k + icn choices for the (i + l)st vertex. This gives at least 
c(n/k) k ordered /c-cliques, each of which has at most j — 1 vertices in S, so is not contained 
in Jk(S,j)k- This is a contradiction if k\(3 < c/k k . 

Now consider option 3, that there is some partition V of V(J) into parts of size at 
least <5^_ 1 (J) — fin such that V refines the partition V' of V into V\, ■ ■ ■ , Vj. and Lp( JjS) is 
incomplete with respect to V' . We may assume that Lj,(Jk) is minimal; recall that this means 
that it does not contain any difference of standard basis vectors Uj — \ij with i ^ j. Consider 
a part of V that is refined in V, without loss of generality it is V±, and vertices xi,x[ G V\ 
in different parts U\, U[ of V . We can greedily construct many sequences x% G V%, 2 < i < k 
such that X1X2 ■ ■ ■ and x'^xi ■ ■ ■ Xk are both /c-cliques: since 8*{G) > (k — l)n/k + cn there 
are at least (k — i)n/k + icn choices for x%, so at least c(n/k) k ~ 1 such sequences. We can 
repeat this for all choices of x\ G U\ and x[ £ U[; there are at least — fin > n/k 

choices for each. Since c> fi, there is some choice of parts 11% C Vi, 2 < i < k of V such that 
we obtain at least fin k cliques intersecting U%, i G [k], and at least un k cliques intersecting 
U[ and U%, 2 < i < k. However, this contradicts minimality of Lp(Jfe). Thus Theorem 12.91 
implies that «/& has a perfect matching, as required. □ 

2.6. Outline of the proofs. The ideas of our arguments can be roughly organised into the 
following three groups: regularity, transferrals, applications. Most of the new ideas in this 
paper pertain to transferrals, but to set the scene we start with regularity. The Szemeredi 
Regularity Lemma [12] has long been a powerful tool in graph theory. In combination with 
the blowup lemma of Komlos, Sarkozy and Szemeredi |24j it has seen many applications to 
embeddings of spanning subgraphs (see [26] ) . Recent developments in hypergraph regularity 
theory have opened the way towards obtaining analogous results for hypergraphs: the de- 
composition theory (among other things) was developed independently by Gowers [15] and 
by Rodl et al. [131 E31 HQl [39], and the blowup lemma by Keevash [19]. Roughly speaking, 
the decomposition theory allows us to approximate a /c-system J on n vertices by a 'reduced' 
/c-system R on m vertices, where m depends on the accuracy of the approximation, but is 
independent of n. The vertices of R correspond to the parts in some partition of V(J) into 
'clusters' of equal size, after moving a small number of vertices to an exceptional set Vo- The 
edges of R correspond to groups of clusters for which the restriction of the appropriate level 
of J is well-approximated by a 'dense regular' hypergraph. Furthermore, R inherits from J 
approximately the same proportional minimum degree sequence. As mentioned earlier, this 
part of the machinery allows us to reduce the almost perfect matching problem to finding a 
fractional solution. If J has an extra o(n) in its minimum degree sequence then it is a rela- 
tively simple problem in convex geometry to show that Rk has a fractional perfect matching 
M; moreover, in the absence of a space barrier we can find M even without this extra o(n). 
Then we partition the clusters of J in proportion to the weights of edges in M, so that each 
non-zero edge weight in M is associated to a dense regular /c-partite fc-graph with parts of 
equal size (adding a small number of vertices to Vo). It is then straightforward to find almost 
perfect matchings in each of these /c-partite /c-graphs, which together constitute an almost 
perfect matching in J^. 

To find perfect matchings, we start by taking a regularity decomposition and applying the 
almost perfect matching result in the reduced system. We remove any uncovered clusters, 
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adding their vertices to the exceptional set Vq, so that we have a new reduced system R 
with a perfect matching M. We also transfer a small number of vertices from each cluster 
to Vq so that the edges of M now correspond to dense regular fc-partite fc-graphs that have 
perfect matchings (rather than almost perfect matchings). In fact, these /c-graphs have the 
stronger property of 'robust universality': even after deleting a small number of additional 
vertices, we can embed any bounded degree subhypergraph. (Up to some technicalities not 
mentioned here, this is the form in which we apply the hypergraph blowup lemma.) Next 
we greedily find a partial matching that covers Vq, and also removes some vertices from 
the clusters covered by M, where we take care not to destroy robust universality. Now the 
edges of M correspond to fc-partite /c-graphs that are robustly universal, but have slightly 
differing part sizes. To find a perfect matching, we will remove another partial matching 
that balances the part sizes and does not destroy robust universality. Then the edges of M 
will now correspond to /c-partite /c-graphs that have perfect matchings, and together with 
the two partial matchings these constitute a perfect matching in 

Transferrals come into play in the step of removing a partial matching to balance the part 
sizes. Given clusters U and U' and 6 6 N, a 6-fold (U, ?7')-transferral in (R, M) consists of a 
pair (T, T') of multisets of edges, with T C R,T' C M and \T\ = \T'\, such that every cluster 
is covered equally often by T and T', except that U is covered 6 times more in T than in T', 
and U 1 is covered b times more in T' than in T. Given such a pair (T, T') for which U is too 
large and U' is too small for our perfect matching strategy, we can reduce the imbalance by 
6; to achieve this we choose a partial matching in J with edges corresponding to each edge 
of T (disjoint from all edges chosen so far), and we note for future reference that the perfect 
matchings corresponding to edges of M chosen in the final step will use one fewer edge 
corresponding to each edge of T' . We say that (R, M) is (B, C)-irreducible if for any U, U' 
there is a 6-fold (U, C/')-transferral of size c for some 6 < B and c < C (here we are sticking to 
the non-partite case for simplicity). Irreducibility allows us to reduce the cluster imbalances 
to a constant independent of n, and so find a matching in J/, covering all but a constant 
number of vertices. Furthermore, it can be expressed in terms of the following geometric 
condition, alluded to in the introduction. Let X = X(R, M) = {x( e ) — x( e ') e £ R, e' <E M}, 
where x(S) denotes the characteristic vector of a set S C V(R). The required condition is 
that the convex hull of X should contain a ball of some small constant radius centred at 
the origin. Thus irreducibility becomes a question of convex geometry. It is also the second 
point at which space barriers come into play, as our minimum degree assumption implies the 
existence of such a ball about the origin in the absence of a space barrier. This leads to our 
first stability result: under the same minimum degree sequence assumption on J needed for 
a matching in Jj~ that is almost perfect (i.e. covers all but o(n) vertices), we can in fact find 
a matching in Jk that covers all but a constant number of vertices, unless J is structurally 
close to a space barrier construction. 

For perfect matchings, we need more precise balancing operations, namely simple trans- 
ferrals, by which we mean 1-fold transferrals. We can still use general transferrals for most 
of the balancing operations, but we require simple transferrals to make the cluster sizes 
precisely equal. We introduce transferral digraphs Di(R,M), where there is an edge from 
U to U 1 if and only if (R, M) contains a simple (U, f7')-transferral of size at most t. If we 
now assume for simplicity that J is a fc-complex (rather than just a fe-system), then it is 
immediate that every vertex in D\{R,M) has outdegree at least 5'^_ 1 {R). We will prove 
a structure result for digraphs with linear minimum outdegree, which when combined with 
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irreducibility gives a partition V of V(R) into a constant number of parts, such that there 
are simple transferrals between any two vertices in the same part. This is the point at which 
divisibility barriers come into play. If the robust edge lattice of with respect to V is 
incomplete then is structurally close to a divisibility barrier construction. Otherwise, 
for any pair of parts Pi,Pj G V we have some simple (Ui, C/,)-transferrals with U{ G Pj 
and Uj G Pj, and the robustness of the edge lattice gives enough of these transferrals to 
make the cluster sizes precisely equal. Thus we obtain the full stability theorem: under the 
same minimum degree sequence assumption on J needed for a matching in Jk that is almost 
perfect, we can find a perfect matching in Jf., unless J is structurally close to a space or 
divisibility barrier construction. 



In this section we prove or cite various lemmas that underpin the convex geometry in 
our theory, and also demonstrate the connection with fractional perfect matchings in hyper- 
graphs. For the classical results cited we refer the reader to the book by Schrijver [41] . We 
begin with Caratheodory's theorem, in a slightly unusual form. Given points xi , . . . , x s G M. d , 
we define their convex hull as 



Theorem 3.1 (Caratheodory's Theorem). Suppose X C W 1 and x G CH(X). Then there 
are X\, . . . , X r > and xi, . . . ,x r £ X such that 



Note that condition (b) implies that r < d + 1. Indeed, a more standard statement 
of Theorem 13.11 has the condition r < d + 1 in place of (b); this is commonly proved 
by first proving our formulation of the theorem. This means that we may write any point 
in CH(X) as a positive linear combination of a small number of members of X. The following 
proposition gives conditions under which we can arrange that all of the coefficients Xj are 
rationals of small denominator. We say that a real number x is q-rational if we can write 
x = a/b for integers a, b with 1 < b < q. We let denote the set of points x £ R rf such 
that every coordinate of x is (/-rational. Also, given x G M rf and r > we let P d (x, r) = {z : 
||z — x|| < r} denote the ball of radius r centred at x (we sometimes drop the dimension 
superscript when this is clear from the context). 

Proposition 3.2. Suppose that 1/q' < l/q,l/d, l/k, and let X be a subset ofQ d DB d (0,2k). 
Then for any x G CH(X) n there exist Ai, . . . , A r > and xi, . . . ,x r G X such that 
r < d + 1, each Xj is q' -rational, X^jeH = ^> an( ^ x = Sje[r] 

Proof. By Theorem 13.11 we may choose z\ , . . . , z r > and xi , . . . , x r G X such that 
Zj = 1, the vectors x,- — x r are linearly independent for each j G [r — 1] (and hence 
r < d + 1) and x = J2je[r] z j x j- We can write x = Az + x r , where A is the d by r — 1 
matrix whose columns are the vectors Xj — x r , i G [r — 1], and z = (z\, . . . ,z r -i) J . Note 
that A has rank r — 1, since its columns are linearly independent. Let vi, . . . , be the row 



3. Geometric Motifs 




( a ) Ej6[r] X 3 = 1 > 

(b) the vectors Xj — x r are linearly independent for each j G [r — 1], and 

(c) x = X) i6[r] A i x i . 
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vectors of A. Then we can choose S C [d] of size r — 1 such that the row vectors v,-, j G S 
are linearly independent. Let B be the r — 1 by r — 1 square matrix with rows Vj for j G S. 
Then det(P) ^ 0. Also, since every entry of A has absolute value at most 4k, we have 
det(-B) < (r — l)!(4/c) r ~ 1 . (A better bound is available from Hadamard's inequality, but it 
suffices to use this crude bound which follows by estimating each term in the expansion of the 
determinant.) Now we write x' — x' r = Bz, where x' is the restriction of x to the coordinates 
j G S, and x.' r is defined similarly. Then z = P _1 (x' — xj,), and so every coordinate of z can 
be expressed as a fraction with denominator at most q 2 det(B) < q', as required. □ 

Next we need the classical theorem on the equivalence of vertex and half-plane represen- 
tations of convex polytopes. This is commonly known as the Weyl-Minkowski theorem; it 
is also implied by results of Farkas. Given points vi, . . . , v r G R d , we define their positive 
cone as 

PC({vi,...,v r }) :={J^ Xjvj : Ai,...,A r > 0}. 

The Minkowski sum of two sets A, B C R d is A + B = {a + b : a G A, b G B}. 

Theorem 3.3 (Weyl-Minkowski Theorem). Let PClf Then the following statements are 
equivalent. 

(i) F={xGl li :a j -x> bj for all j G [s]} for some a 1 , . . . , a s G R d and bi, . . . , b s G R. 

(ii) P = CH(X) + PC(Y) for some finite sets X,Y C R d . 

An important case of Theorem 13.31 is when P = PC(y) for some finite set Y C R rf . Then 
we can write P = {x G R rf : • x > for all j G S 1 } for some ai, . . . , a s G R rf , since we have 
G P, and if x G P then 2x G P. The following result of Farkas follows. 

Lemma 3.4 (Farkas' Lemma). Suppose v G R rf \ PC(Y) for some finite set Y C R rf . Then 
there is some a G R n such that a • y > for every y G Y and a • v < 0. 

Our next result exploits the discrete nature of bounded integer polytopes. First we need a 
convenient description for the faces of a polytope. A face of a polytope P is the intersection 
of P with a set % of hyperplanes, such that for each H G H, P is contained in one of 
the closed halfspaces defined by H. More concretely, consider a finite set X C R d with 
G X. By Theorem 13.31 we can write CH{X) = {x : a^ • x > bj for all j G [s]} for some 
ai, . . . , a s G R d and h, . . . , b s G R. Let 5 = {j G [s] : bj = 0}, 

ILf = {x : Sij ■ x = for all j G S} and P X = CH(X) n 11^. 

Then Pq 4 - is the (unique) minimum face of CH(X) containing 0. Note that in the extreme 
cases, could be all of CH(X), or just the single point 0. The following result gives a 
lower bound for the distance of from the boundary of . 

Lemma 3.5. Suppose that < 6 < Ijk, l/d and G X C Z d n B d (0,2k). Then IT* n 
P d (0,<5) C CP (A). 

Proof. For each X with G X C Z d n P d (0, 2/c) we fix a representation CH(X) = {x : 
af • x > 6^ for all j G [s x ]} such that ^ ER and &f G R d with ||a^|| = 1 for j G [s x ]. 
Since G X we must have b x < for every j and A. Note that there are only finitely 
many possible choices of A, and each s x is finite and depends only on A. Choosing 5 
sufficiently small, we may assume that for any j and A either b x = or b x < —5. Now 
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fix any such set X, and write F X = CH(X) n Iljf , where S x = {j G [s x ] : bf = 0} and 
U x = {x : af • x = for all j G S x }. Consider any x G Il x \ CH{X). Since x G Ilg", x 
satisfies all constraints a^ • x > bf for CH(X) with 6^ = 0. Since x ^ CH(X), x must fail 
some constraint a* • x > bf for CH{X) with fr^ / 0. It follows that af ■ x < bf < -5. 
Applying the Cauchy-Schwartz inequality, we have 5 < \af • x| < ||a^||||x|| = ||x||, as 
required. □ 

Now we will demonstrate the connection between convex geometry and fractional perfect 
matchings, and how these can be obtained under our minimum degree sequence assumption. 
A fractional perfect matching in a hypergraph G is an assignment of non-negative weights 
to the edges of G such that for any vertex v, the sum of the weights of all edges incident 
to v is equal to 1. We also require the following notation, which will be used throughout the 
paper. For any S Q [n], the characteristic vector x(S) of S is the vector in R n given by 

x(S)i = 

If G has n vertices, then by identifying V(G) with [n] we may refer to the characteristic 
vector x(S) °f an Y S ^ V(G). Whilst x(S) is then dependent on the chosen identification 
of V(G) with [n], the effect of changing this identification is simply to permute the vec- 
tors x(S) f° r each S C V(G) by the same permutation, and all properties we shall consider 
will be invariant under this isomorphism. So we will often speak of for S C V(G) 

without specifying the identification of V{G) and [n]. Then a fractional perfect matching 
is an assignment of weights w e > to each e 6 G such that ^2 eGG w e x{e) = 1; throughout 
this paper 1 denotes a vector of the appropriate dimension in which every co-ordinate is 
1. Thus G has a fractional perfect matching precisely when 1 belongs to the positive cone 
PC(x(e) : e G G). The next lemma shows that this holds under a similar minimum degree 
sequence assumption to that considered earlier. We include the proof for the purpose of 
exposition, as a similar argument later in Lemma 17.21 will simultaneously generalise both 
this statement and a multipartite version of it. 

Lemma 3.6. Suppose that k \ n, and that J is a k-system on n vertices with 

S(J) > (n, (k - l)n/k, (k - 2)n/k, n/k) . 
Then admits a fractional perfect matching. 

Proof. Suppose for a contradiction that does not admit a fractional perfect matching. 
As noted above, this means that 1 ^ PC{x{e) '■ e G «/&). Then by Farkas' Lemma, there 
is some a £ W 1 such that a • 1 < and a • xi e ) ^ f° r every e £ Jk- Let vi,...,v n be 
the vertices of J, and let a±, . . . ,a n be the corresponding coordinates of a, with the labels 
chosen so that a\ < 02 < • • • < a n . For any sets S and S' of k vertices of J, we say that S 
dominates S' if we may write S = {v^, . . . , Vi k } and S' = {vj 1} . . . ,Vj k } so that ji ^ H f° r 
each i G [k]. Note that if S dominates S' then a • x(S') ^ a " x{S)', this follows from the fact 
that the coordinates of a are increasing. 

For each j G [n/k], let Sj be the set {vj, v j +n /k, Vj+2n/k-, ■ ■ ■ ■> v j+(k-i)n/k}- Then the sets Sj 
partition V(J), so Ylje[n/k] a 'X(5j) = a- 1. We claim that there is some edge e£ 4 which is 
dominated by every Sj. To see this, we let d\ = 1, then apply the minimum degree sequence 
condition on J to choose a\,...,d\~ greedily so that for each j G [k] we have {v^, ■ ■ ■ } G J 



1(5 



PETER KEEVASH AND RICHARD MYCROFT 



and dj < (j — T)n/k + 1. Then e := {v^, ■ ■ ■ ,Vd k } is dominated by Sj for each j G [n/k]. 
We therefore have 

0< a 'X(e)< a- X (5'i) = a-l<0, 

j€[n/k] je[n/k] 

which is a contradiction. □ 



4. Transferrals 

To motivate the results of the next two sections, we start by recalling the proof strategy 
discussed in Section 12.61 Hypergraph regularity theory (presented in Section [6]) will enable 
us to approximate our original fc-system by a reduced ^-system. To avoid confusion over 
notation, we should emphasise that all of our transferral results will be applied when J is 
equal to the reduced system, rather than the original system. We will also have a perfect 
matching M in 4, whose edges represent fc-tuples of clusters in which we would be able to 
find a perfect matching, if we were able to make the cluster sizes equal. The role of trans- 
ferrals is to achieve this by removing a small partial matching. While they are motivated by 
the proof strategy, the definition and analysis of transferrals does not require any regularity 
theory (apart from one technical lemma in the next section). Suppose that J is a /c-graph 
on [n] and M is a perfect matching in J; for convenience we call the pair ( J, M) a matched 
k-graph. Recall that x( e ) £ K n denotes the characteristic vector of e C [n]. If T is a multiset 
of subsets of [n] we write x(T) = X^eTX( e )i thus identifying T with the multiset in [n] 
in which the multiplicity of i G [n] is the number of sets in T containing i, counting with 
repetition. Also, we say, e.g. 'a multiset T in J' to mean a multiset T of members of J. 

4.1. Irreducibility. Now we make some important definitions. Given d£N, V(J) 
and multisets T in J and T' in M, we say that (T,T') is a b-fold (u,v) -transferral in (J,M) 
if 

x(T)- X (T') = b( X ({ U })-x({v})). 
That is to say that every vertex of J appears equally many times in T as in T', with the 
exception of u, which appears 6 times more in T than in T', and v, which appears b times 
more in T' than in T. Note that if (T, T") is a 6-fold (u, u)-transferral in ( J, M) then we 
must have \T\ = \T'\; we refer to this common size as the size of the transferral. We say that 
(J, M) is (B , C) -irreducible if for any u, v S V(J) there exist b < B and c < C such that 
( J, M) contains a 6-fold (u, u)-transferral of size c. We also make the following partite version 
of this definition, in which we only require transferrals within parts. Given a partition V of 
V(J) into parts V±, . . . ,V r , then we say that (J,M) is (B , C) -irreducible with respect to V 
if for any i G [r] and any u, v G V% there exist 6 < B and c < C such that (J,M) contains 
a 6-fold (u, i>)-transferral of size c. As mentioned in Section 12.61 irreducibility will allow us 
to reduce the cluster imbalances to a constant, and so find a matching in original system 
covering all but a constant number of vertices. 

It is instructive to consider how irreducibility fails in the space barrier constructions 
(Construction [231) . Consider for simplicity the 3-complex J = J(S, 1) when | *S' | = n/3 
(suppose that 3 | n). By definition we have |e PI S\ > 1 for every e G J3. Then for any 
perfect matching M in J3, each ef G M has \e' n S\ = 1. Thus for any multisets T, T' in 
J, M with \T\ = \T'\, the vector x = x(T) — x(T') satisfies Ylies x i — 0- ^ follows that 
there are no 6-fold (u, f;)-transferrals for any 6 G N, v G S and u ^ S. Conversely, we will 
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see in the next section that if there is no space barrier, then the minimum degree sequence 
assumption implies irreducibility (with respect to the partition in the partite case). In fact, 
it implies a geometric condition which is the fundamental property behind irreducibility. To 
formulate this, we define 

X = X(J, M) = { X (e) - x(e') : e G J, e' G M}. 

Also, if V is a partition of V we define 

U P = {x G Z n : x • x(C/) = for all U G V}. 

The required geometric condition is that the convex hull of X should contain a ball about 
the origin within ILp. The following lemma shows that this implies irreducibility. (For now 
we gloss over the fact that B and C depend on n, which is not permissible in our proof 
strategy; this dependence will be removed by a random reduction in Lemma 15.41 ) 

Lemma 4.1. Suppose that 1/B,\/C <C 6,l/n,l/k. Let V be a set of n vertices and let 
V partition V. Suppose that (J,M) is a matched k-graph on V such that X = X(J,M) 
satisfies B(0,8) n Lip C CH(X). Then (J,M) is (B,C) -irreducible with respect to V. 

Proof. Let q be such that 1/B, 1/C < 1/q < 8, 1/n, 1/k. Fix any U G V and u,v G U. 
Let t = [2/ 5], and let x G Q n have co-ordinates x u = 1/t, x v = —1/t and x w = for 
w ^ u,v. Then ||x|| < 5 and x G ILp, so our hypothesis implies that x G CH(X). Applying 
Proposition 13.21 we may choose Ai, . . . , A s > and xi, . . . ,x s G X such that s < n + 1, 
each Xj is ^-rational, YljeU] -\? = 1> ano - x = J2je[s] ^i x j- definition of X, we can choose 
ej G J and e'j G M such that x( e j) ~ x( e 'j) = x j f° r 3 G [s]. Now let the multiset T in J 
consist of £(/!Aj copies of ej for each j G [s], and similarly let the multiset T' of edges of M 
consist of tq\Xj copies of e'j for each j G [s]. Then 

X(T) - X (T') = tq\ Aj-Xj = 4g!x. 

So the paired multiset (T, T") is a g!-fold (u, w)-transferral in ( J, M) with size at most tq\ < C. 
Since U £ V and u,v £ U were arbitrary, we deduce that (J, M) is (5, C)-irreducible with 
respect to V, as required. □ 

4.2. Transferral digraphs. For perfect matchings, we need more precise balancing opera- 
tions, namely simple transferrals, by which we mean 1-fold transferrals. We represent these 
using digraphs (directed graphs), for which we make the following standard definitions. A 
digraph D consists of a vertex set V(D) and an edge set E(D), where the edges are each 
ordered pairs of vertices; we allow loops (u, u), and 2-cycles {(n, v), (v, u)}, but do not allow 
multiple copies of a given ordered pair. We think of an edge (u, v) G E(D) as being directed 
from u to v; if (u, v) G E(D) then we say that v is an outneighbour of u and that u is 
an inneighbour of v. For any vertex v G V(D), the outneighbourhood N + (v) is the set of 
outneighbours of v, and the inneighbourhood N~(v) is the set of inneighbours of v. We also 
define the outdegree d + (v) = \N + (v)\ and the indegree d~(v) = \N~(v)\, and the minimum 
outdegree 5 + (D) of D, which is the minimum of d + (v) over all v G D. 

We represent the simple transferrals in (J, M) by the l-transferral digraph of (J,M), 
denoted D$(J,M), where £ G N. This is defined to be the digraph on V{J) in which there 
is an edge from u to v if and only if ( J, M) contains a simple (u, u)-transferral of size at 
most £. For future reference we record here some basic properties of transferral digraphs: 
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(i) Dg(J,M) contains all loops (u,u), as a (u, u)-transferral is trivially achieved by the 
empty multisets. 

(ii) If £ < £' then D e (J, M) is a subgraph of D e (J, M). 

(hi) If (u,v) £ De(J,M) and (v,w) £ De>(J,M) then (v,w) £ D W >(J,M). Indeed, if 
(S, S') is a simple (u, w)-transferral of size at most £ and (T, T') is a simple (v, w)- 
transferral of size at most £', then (S + T, S' + T") is a simple (u, w)-transferral of size 
at most £ + £'. 

In the last property we used the notation A + B for the multiset union of multisets A and 
-B. We will also use the notation Ylie[t] for the multiset union of multisets Ai, i £ [t], and 
the notation for the multiset union of p copies of A. 

Our goal in the remainder of this section is to describe the conditions under which, given 
a matched /c-graph (J, M) on V and a partition V of V, there is some transferral digraph 
that is complete on each part of V, i.e. there is some £ so that (u,v) £ Di(J,M) for every 
u,v £ U £ V. This is a convenient context that in fact gives more general results than the 
two cases that are needed for our main theorems, namely (i) when V consists of a single part 
V, and (ii) when V consists of at least k parts and (J, M) is P-partite. In this subsection, 
we prove a structure theorem for general digraphs under a minimum outdegree condition. 
This introduces a partition V' that rehnes V, and we show that irreducibility implies that 
there is some C for which Dc>(J, M) is complete on the parts of V' . In the hnal subsection 
we show that if there is no divisibility barrier then there is some C for which Dq(J,M) is 
complete on the parts of V, as required. 

We require the following lemma, which states that in a digraph with linear minimum 
outdegree, one can choose a constant number of vertices so that from any hxed vertex there 
is a short directed path to one of these chosen vertices. 

Lemma 4.2. Suppose that l/£ <C a, and let D be a digraph on n vertices. Then we may 
choose vertices v\, . . . , vt £ V(D) and sets V±, . . . , Vt C V(D) such that 

(a) for any j and any u £ Vj there exists a directed path from u to Vj of length at most £, 

(b) the sets Vi,...,Vt partition V(D), and 

(c) |Vjf| > S + (D) — an for each j. 

Proof. Let 7' satisfy l/(£ - 1) C f < Q. Clearly we may assume that 5 + (D) > an. For 
any S C V(D), we let L(S) be the number of edges of D that leave S, i.e. are of the form 
(u, v) with u £ S and v £ S = V(D) \ S. We require the following claim. 

Claim 4.3. Let l/{£-l) < 7 < 7', and let S C V(D) be such that \S\ > an and L(S) < <yn 2 . 
Then we may choose v £ S and S' C S such that \S'\ > 5 + (D) — an, L(S \ S') < 2jn 2 , and 
for any u £ S' there is a path from u to v in D of length at most £ — 1 . 

To prove the claim, we start by showing that there must be some v £ S with dg(v) := 
\N~{v) nS\> 5 + (D) - an. To see this, we note that Y, v eS d s( v ) ^ T,veS d+ ( v ) ~ L ( S ) ^ 
\S\8 + (D) — 7n 2 . Thus by averaging we can choose v £ S with dg(v) > 5 + (D) — 7n 2 /| 5*| > 
5 + (D) — an. Now consider the 'iterated inneighbourhood' Nj~ of v for j > 1, dehned as the 
set of vertices u £ S such that there exists a path from u to v in D of length at most j. 
Note that N± C N2 C . . . , so we can choose some j < I/7 for which I^Vj^il < + jn. 
Now we set S' = N~. By construction this satisfies the required property of paths (since 
j < I/7 <£ — !)■ We also have \S'\ > \N±\ > S + (D) — an, so it remains to estimate 
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L(S \ S'). Any edge leaving S \ S' is either an edge leaving S or an edge from S \ S' to S 1 . 
By assumption there are at most r yn 2 edges of the first type. Also, for any edge (u, v) of the 
second type we have u G \ NJ , s o there are at most \N~ +1 \ Nj\n < *yn 2 such edges. 
This completes the proof of Claim H~3l 

Returning to the proof of the lemma, we apply the claim to S = V(D) with 7 = \ — 1), 
obtaining v G S and S' C S with the stated properties. We set t>i = v and Vi = S' . Then we 
repeatedly apply the claim for each j > 1 to S = V(D) \ (Vi U • • • U Vj) with 7 = 2 J '/(^ - 1); 
in each application we obtain v G S and S" C S for the current set S and we set Vj + \ = v 
and Vj+i = S'. Since 5 + (D) > an, we can repeat this process until we reach some t > 1 
for which S = V(D) \ (Vi U • • • U Vt) has \S\ < 5 + (D). Then any u G S must have an 
outneighbour v! G V(D) \ S, i.e. u' G for some j G [t]. By choice of Vj there is a path of 
length at most i — 1 from u' to Vj , so we have a path of length at most I from n to v j . For 
each such n, choose any such j arbitrarily, and add u to Vj. Then the vertices v\, . . . ,vt and 
the new sets V\ , . . . , Vt satisfy the properties required for the lemma. □ 

Now we define the structure we will find in our digraphs. Suppose D is a digraph. We 
say that S C V(D) is a receiving set in D if (n, v) is an edge of D for every u G V(D) and 
v £ S. Now let V be a partition of V(L>) into parts Vi, . . . , V r . We say that S = (Si, . . . , S r ) 
with Si C V\, . . . , S r C V r is a receiving V -tuple if each Sj is a receiving set in -DfV}]. If such 
an S exists, we say that V is a receiving partition of D. The ^i/i power of -D is the digraph 
D e with vertex set l^(-D) where (u, v) G D if and only if there exists a path from u to v in 
D of length at most i. Now we can state our structural result, which is that some power of 
D admits a receiving partition. 

Corollary 4.4. Suppose that \ji <^ a, and let D be a digraph on n vertices. Then D e 
admits a receiving partition V in which each part has size at least 5 + (D) — an. 

Proof. Apply Lemma 14.21 to obtain sets Vi, . . . , Vt C V(D) and v\, . . . , vt G V(D) for some 
t. Let V be the partition of V{D) into parts Vi, . . . , Vt- So each part of V has size at least 
5 + (D) — an. Now, for any j G [t] and any u G Vj there is a path in D from u to Vj of 
length at most I, and therefore an edge in from u to Vj. Then S := ({fi}, • • • , {vt}) is a 
receiving P-tuple in D e , as required. □ 

Now we show that in combination with irreducibility, a receiving partition V has the 
property that some transferral digraph is complete on every part of V . We need the following 
lemma. 

Lemma 4.5. Let (J,M) be a matched k-graph, b,c,c' G N ; and vertices u, v G V(J) be such 
that (J,M) contains a b-fold (u,v) -transferral of size c, and (J,M) contains a simple (v,u)- 
transferral of size c' . Then (J, M) contains a simple (u, v) -transferral of size (b — l)c' + c. 

Proof. By definition of transferrals, there are multisets T\,T2 in J and T[,T^ in M such 
that |Ti| = \T[\ = c, |T 2 | = \T£\ = c', 

X (Tx) - X (T{) = b( X ({u}) - X (M)), and X (T 2 ) - X (^) = X (W) " x(M)- 
Let T = T 1 + (b- 1)T 2 and T' = T[ + (b — 1)T 2 '. Then |T| = |T'| = (6 - l)c' + c, and 

X (T) - X (T') = X (Tx) - x(Ti') + (6 - l)(x(T 2 ) - x(T 2 ')) = x(W) - x(W), 
so (T, T') is the desired transferral. □ 
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Finally, we show the required completeness property of the transferral digraph. 

Lemma 4.6. Suppose that l/£' -C l/B,l/C,l/£ <C a. Let V' be a partition of a set V 
of size n and (J,M) be a matched k-graph on V which is (B,C) -irreducible with respect to 
V . Suppose also that 6 + (D e (J, M)[U}) > for every U £ V' . Then Dp(J,M) admits a 
partition V refining V in which every part has size at least (7 — a)n, and Di'(J, M)[U] is 
complete for every U £ V . 

Proof. Applying Corollary H3] to D e (J,M)[U] for each U £ V', we see that D £ (J,M) e 
admits a receiving partition V refining V' in which every part has size at least (7 — a)n. We 
have De(J, M) e C Dp (J, M) by property (iii) of transferral digraphs, so V is also a receiving 
partition for Dp (J, M). Now suppose U £ V and S C U is the receiving set for Dp(J, M)[U], 
Consider any u,v G U. We need to show that there is a simple (u, i>)-transferral of size at 
most £'. Fix any w £ S. By choice of V, we have a simple (u, u>)-transferral and a simple 
(w, ty) -transferral each of size at most £ 2 . By irreducibility, we also have a 6-fold (w,v)- 
transferral of size c for some b < B and c < C. Applying Lemma 14.51 we have a simple 
(w, u)-transferral of size (b — 1)£ 2 + c. Combining this with the simple (u, w)-transferral, we 
obtain a simple (u, w)-transferral of size at most bl 2 + c < I'. □ 



4.3. Completion of the transferral digraph. In this final subsection, we show that if in 
addition to the previous assumptions there is no divisibility barrier, then we can strengthen 
the previous structure to obtain a transferral digraph that is complete on every part of 
the original partition. We start with a useful consequence of irreducibility in the following 
lemma, which allows us to extend a pair of multisets in J and M to a pair of multisets 
that cover the same vertices (including multiplicities). This corresponds to the geometric 
intuition that we can use a ball about the origin to counterbalance any given vector. We 
need to impose the following property on (J, M) that will be automatically satisfied in 
our applications: we say that ( J, M) is V -proper if for any e £ J there is e' £ M with 
ip(e') = ip(e). 

Lemma 4.7. Suppose that 1/C -C l/B, 1/C, 1/k, let V be a partition of a set of vertices V , 
and let (J,M) be a matched k-graph on V which is V -proper and (B,C) -irreducible with 
respect to V . Then for any multisets A in J and A' in M with |^4|,|^4'| < C there exist 
multisets T in J and V in M such that ACT, A' C T' , \T\ = \T'\ < C and X (T) = x( T ')- 

Proof. First we find multisets S in J and S' in M such that A C S, A' C S' and 
^ ee sip(e) = J2 e >es> ' l v{a')- To do this, we let S = A + A' and S' = A* + A', where A* is 
formed by taking some e' £ M with i-p(e') = i-p(e) for every e £ A (which exists because 
(J, M) is "P-proper). Since X^eGS^( e ) = Se'eS' iv(e') we may label the vertices of S and 
S' as tii, • • • 5 Uk\s\ an d vi, . . . j «fc|5| respectively so that Ui and Vi lie in the same part of V 
for each i £ [A;|5|]. By irreducibility for each i £ [k\S\] there is a 6-fold (ui, i>j)-transferral 
in (J, M) of size c for some b < B and c < C. Combining B\/b copies of this transferral, we 
obtain a l?!-fold (uj, Vj)-transferral (Tj,T/) of size at most CBl. Let T = BIS + X^effclsi] 
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and T' = BIS' + Eie[k\S\] T l Then l T l = \ T '\ < CBl + 2Ck ' CBl < C '• Also > 
X (T) - X (T>) = B\(x(S) - X (S')) + Y, x(Ti)-xW) 

ie[k\S\] 

= B\ £ - X({«i}) - X({ui}) + *({«,})) = 0, 

ie[k\S\] 

which completes the proof. □ 

Next we need a simple proposition that allows us to efficiently represent vectors in a 
lattice, in that we have bounds on the number of terms and size of the coefficients in the 
representation. 

Proposition 4.8. Suppose that 1/s < l/k, l/d. Let X C Z d n B d (0, 2k), and let L x be the 

sublattice of Z d generated by X. Then for any vector x G Lx H B d (0,2k) we may choose 
multisets Si and S2 of elements of X such that \Si\, |$2| — s an d SveSi v ~~ S v e& v = x - 

Proof. The number of pairs (X, x) as in the statement of the proposition depends only 
on k and d. Furthermore, for any such pair (X, x) we may choose multisets Si and S2 of 
elements of X such that X^veSi v ~~ S v gs 2 v = x - Let sx iX be minimal such that we may 
do this with \Si\, IS2I < sj |X . Since 1/s <C l/k, l/d, we may assume that s > max(j x ) sx,x- 
Thus for any X and x we may express x in the required manner. □ 

After these preparations, we are ready to prove the main lemma of this section. Suppose 
that V 1 is a partition of a set V and V is a partition into d parts refining V' . Given a A:-graph 
G on V, we define the edge lattice L-p{G) C 7L d to be the lattice generated by all vectors i-p(e) 
with e G G. (Note that this definition is similar to that of the robust edge lattices defined 
earlier; indeed the purpose of robustness is for the same edge lattice to be inherited by the 
reduced graph.) Recall that a lattice L C 7L d is complete with respect to V' if L-p-p* C LnU. d , 
where L-p-p/ C Z d n is the lattice generated by all differences of basis vectors Uj — \ij for 
which Vi, Vj are contained in the same part of V and n d = {x£i d : J2 ie [d] x i = °}- 

Lemma 4.9. Suppose that 1/C' ^ l/B,l/C,l/d,l/k. LetV' be a partition of a set of ver- 
tices V , and let (J, M) be a matched k-graph on V which is V' -proper and (B, C) -irreducible 
with respect to V' . Suppose that V is a partition of V into d parts V\ , . . . , which refines 
V' such that Dq(J, M)[Vj] is complete for each j G [d] and Lp(J) is complete with respect 
to V . Then (J,M) is (l,C')-irreducible with respect to V' , i.e. Dq/(J, M)[U] is complete 
for each U G V ■ 

Proof. Introduce new constants with 1/C' < 1/C 2 < 1/Ci < 1/C < 1/B, 1/C, l/d, l/k. 
Fix any i,j G [d] with i 7^ j such that Vi and Vj are both subsets of the same part of V (if 
no such i,j exist then there is nothing to prove). Then x := Uj — Uj G Lpp> C Lp(J) by 
assumption. By Proposition 14.81 we may therefore choose multisets S and T in J such that 
- ip(T) = x and \S\,\T\ < C . Note that J2 j& [d] i v{S) j - T, je [d] i v{T) j = T,je[d] x j = 
0, J2je[d] = k\S\ and Y^je[d] ^P^)j = ^1^1' so & &n< ^ T are °^ ec l ua l si ze - So we may 

label the vertices of S as U\, . . . ,u r and T as V\, . . . , v r so that u% G V L , V\ G Vj, and and 
lie in the same part of V for every 2 < t < r. Since Dc(J, M)[Vg] is complete for each 
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I G [r], for each 2 < i < r we may choose (T^,T») to be a simple (u^, t^)-transferral of size 
at most C. Then 

X(S) - X (T) = £ X ({u,}) - x(M) = X({ui}) - X({vi}) + £ X(T,) - X (2j). 

^6[r] 2<£<r 

Now, by Lemma 14.71 there exist multisets A\ in J and ^ in M such that \A\\ = \A'^\ < Ci, 
S C j4j and x(^4i) = xO^i)- Let = A\ — S + T be formed by deleting S from A\ and 
replacing it by T. Then x (4 2 ) - X (A[) = X (A X ) - X (S) + X (T) - xK) = xCH - x(S). 
Finally, let A 3 = ,4 2 + ^=2 r ^ and ^3 = A i + £1=2 r i- Then 

X (A 3 )- X (A' 3 ) = X (A 2 )- X (A' 1 ) + X(T ( )- X (n) 

2<i<r 

= xOi}) -x({«i})- 

So (A 3 ,A' 3 ) is a simple (v±, tti)-transferral of size at most C2. Since Dc(J, M)[Vi] and 
Dc(J, M)[Vj] are each complete, we deduce that there exists a simple (v, u)-transferral of 
size at most C2 + 2C < C for each it G Vi and v £ Vj. This holds for any i,j such that 
Vi and Vj are both subsets of the same part U of V, so Dq'(J, M)[U] is complete for each 

ueV. ' □ 

Combining Lemmas 14.91 and 14.61 we obtain the following result. 

Lemma 4.10. Suppose that 1/f <C l/B, 1/C, l/£ <C a -C 7. £ei T 3 ' 6e a partition of a set V 
of size n and (J, M) be a matched k-graph on V that is V' -proper and (B, C) -irreducible with 
respect to V' . Suppose that 8 + (Di(J, M)[U]) > jn for any U G V , and L-p(J) is complete 
with respect to V for any partition V of V(J) into d parts of size at least (7 — a)n that 
refines V . Then D£/( J, M)[U] is complete for every U G V . 

5. TRANSFERRALS VIA THE MINIMUM DEGREE SEQUENCE 

In the previous section we demonstrated how irreducibility and completeness of the edge 
lattice imply the existence of all possible simple transferrals. In this section we will obtain 
the same result in the minimum degree sequence settings of our main theorems. In fact we 
will work in the following setting that simultaneously generalises the partite and non-partite 
settings. 

Let J be a ^-system on V and V be a partition of V into sets V\, . . . , V r . An allocation 
function is a function f : [k] —> [r]. Intuitively an allocation function should be viewed 
as a rule for forming an edge of J by choosing vertices one by one; the ith. vertex should 
be chosen from part Vf^ of V . This naturally leads to the notion of the minimum f - 

degree sequence 8? (J) = (<5q ( J), . . . , <^{_ 1 ( J)), where 8j(J) is the largest m such that for any 
{vi, . . . ,Vj} G J with Vi G Vfu\ for i G \j] there are at least m vertices Vj + \ G Vf(j + u such 

that {v\, . . . ,Vj + i} G J. So 8{_ 1 (J) is a lower bound on the number of choices for the ith 
vertex in the process of forming an edge of J described above. For any allocation function 
/, the index vector i(/) of / is the vector in W whose jth coordinate is the cardinality of 
the preimage of j under /. So any edge e G Jk formed by the described process will have 
i(e) = i(/)- 

Let / be a multiset of index vectors with respect to V such that £j e r r i h = ^ ^ or eac h 
i = . . . ,i r ) in /. Then we may form a multiset F of allocation functions /:[&]—> [r] 
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as follows. For each i £ I (with repetition) choose an allocation function / with i(/) = i, 
and include in F each of the k\ permutations f a for a G Sym fc (again including repetitions), 
where f a (i) = f(a(i)) for i G [k]. Note that the multiset F so obtained does not depend on 
the choices of allocation function /. Also observe that \F\ = k\\I\, and for any f E F with 
i(/) = i G I, the multiplicity of / in F is mj IX/eH where mi is the multiplicity of i in I. 
If F can be obtained in this manner, then we say that F is an allocation, and we write 1(F) 
for the multiset I from which F was obtained. We say that an allocation F is (k, r)-uniform 
if for every i G [k] and j G [r] there are \F\/r functions f €. F with f(i) = j. We also say 
that F is connected if there is a connected graph Gf on [r] such that for every jj' G E(Gp) 
and z, £ [fe] with i/i' there is / G F with /(z) = j and /(«') = j'- 

All the allocations i* 1 considered in this paper will have the property that 1(F) is a set 
(as opposed to a multiset). In this case we have 1(F) = {i(f) : / G F}, and so |7| < r k 
and |.F| < fc!|J| < k\r k . However, we allow the possibility that 1(F) is a multiset as this 
may be useful for future applications. In this case, we shall usually bound \F\ by a function 
Dp(r, k). Also, the reader should take care with any statement regarding (e.g.) i G 1(F) to 
interpret the statement with multiplicity. We slightly abuse the notation along these lines, 
writing (e.g.) "the number of edges of index i is constant over all i G 1(F)" to mean that 
the number of edges of index i is a constant multiple of the multiplicity of i in 1(F). 

For an allocation F, a fc-system J on V is VF -■partite if for any j G [k] and e G Jj there 
is some / G F so that e = {vi, . . . , Vj} with G Vfu\ for i G [j] (so every edge of J can be 
constructed through the process above for some / G F). The minimum F -degree sequence of 
J is then defined to be S F (J) = (5 F (J), . . . , 5 F _±(J)), where S F (J) = min^ e ^ Sj(J). We note 
two special cases of this definition that recover our earlier settings. In the case r = 1 (the 
non-partite setting), there is a unique function /:[&]—>■ [1]. Let F consist of fc! copies of /; 
then J is PF-partite and 5 F (J) = 5(J) is the (usual) minimum degree sequence. In the case 
when r >k and J is "P-partite we can instead choose F to consist of all injective functions 
from [k] to [r], and then being "P-partite is equivalent to being P-P-partite and S F (J) = 6*(J) 
is the partite minimum degree sequence. Note that in both cases F is (k, r)-uniform and 
connected. 

Recall that we established a geometric criterion for irreducibility in Lemma [4. II Our first 
lemma states that if there is no space barrier then this criterion holds under our generalised 
minimum degree assumption. Note we have slightly altered the formulation of the space 
barrier from that used earlier, so that we can state the lemma in the more general context of 
/c-systems; it is not hard to demonstrate that in the case of /c-complexes it is an essentially 
equivalent condition (up to changing the value of (3). We say that (J,M) is a matched 
k-system if J is a fc-system and M is a perfect matching in J/%. 

Lemma 5.1. Suppose that 5 <C 1/n <C a P,l/Dp,l/r,l/k, and k \ n. Let V' be a 
partition of a set V into sets V\, . . . ,V r each of size n, F be a (k,r)-uniform connected 
allocation with \F\ < Dp, and (J,M) be a V'F -partite matched k-system on V such that 

6 F (J) > (n, 

Suppose that for any p G [A; — 1] and sets Si C Vi such that \Si\ = pn/k for each i G [r] we 
have \J p+ i[S]\ > (3n p+1 , where S = S± U • • • U S r . Then 

B rn (0,S)nU-p> C CH(X(J,M)). 
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Proof. We start by applying Lemma [33] to X = X(J,M) C Z rn n B rn (0,2k). This gives 
riff n B rn {0,5) C CH(X), where = CH(X) n II* is the minimum face of CH{X) 
containing 0. We can write 11* = {x G Z rn : a • x = for all a G ^4} for some A C Z rn 
such that a • x < for every x E X and aGi. To prove that B rn (0, 5) n lip/ C CH(X), it 
suffices to show that ^4 is contained in the subspace generated by {x(VJ) : i G [r]}. Suppose 
for a contradiction that some a G A is not in ({x(^i) : i G [ r ]})- Then there is some z' G [r] 
such that a is not constant on . 

We label V so that for each i G [r], the vertices of Vi are labelled v^i, . . . , Vi >n , the 
corresponding coordinates of a are a^i, . . . , aj jn , and 

It is convenient to assume that we have a strict inequality Sf (J) > (^ip — a) n for i G [A; — 1] . 
This can be achieved by replacing a with a slightly smaller value; we can also assume that 
an G N. Next we partition each Vi into k parts Vi \, ■ ■ ■ , as follows. For i G [r] we let 



{Vi 
{Vi 



0<£<n/k-an} if j = 1, 

(j — l)n/k — an < t < jn/k — an} if 2 < j < k 
(k — l)n/k — an < £ < n} if j = k. 



Then for each i G [r] we have 



;i) \Vi 



h3 



an if j = 1, 



fc 

| if 2 < j < fc 

j + an if j = k. 



K k 

We use these partitions to define a simpler vector a' that will be a useful approximation to 
a. For i G [r] and j G [n] we let p(j) G [&] be such that v^j G V^uy For i G [r] and I G [fc] 
we let Ui t i = maxjajj : p(j) = £}. Then we define a' G 27 n by 

a' := (a' id : i G [r],j G [n]), where a-j = 

Note that a£ • > a^j for every i G [r] and j G [n\. We can assume without loss of generality 
that Uj k — un is maximised over i G [r] when i = 1; then we define 

d = n ljfc - m,!, f7 = - ^ Ujj, and Uf = y~] for / G F. 

ie[r],je[fc] je[fc] 

Note that uniformity of -F implies that t/ is the average of Uf over / G F. We will prove 
the following claim. 

Claim 5.2. PFe have the following properties, 
(i) For any e' G M and f G F we have a' • x( e ') > a " x( e > ^/ an d a • x( e ') — U, 
(ii) d > and X^e'GJ\/( a ' ' x( e ~ U) < rdan, 

(Hi) There is some e' G M such that a • x( e ') <Uf + Dpkda for every f G F, 

(iv) For any G [r] and j,j' G [&] we have \(uij — Uij') — — it*' ,i')| < Dprkda. 

To see property (i), note that the first inequality follows from a! i a > a^j. For the second, we 
use the minimum /-degree sequence of J to greedily form an edge e = {vf^),e k > • • • > } ^ 

Jfc, starting with = n, then choosing £j > jn/k — an for each j = k — 1, k — 2, . . . , 1. 
Then p(-^j) > j + 1 for j G [k — 1], so a • x(e) > Uf. Now the inequality follows from the 
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definition of A, which gives a • (x(e') — x( e )) — 0. We noted above that U can be expressed 
as an average of some U/'s, so a • x( e ') > U. This proves property (i). 

To see that d > 0, suppose for a contradiction that = for i £ [r]. Recall that 
there is some i' G [r] such that a is not constant on Vy. Let e' G M be the edge of 
M containing Since (J, M) is "P'F-partite we can write e' = {f/m^ilieffcl f° r some 

/ G F and n, G [n] for i G [fc], where without loss of generality W/m )ni = t>i',i- Then 
a • x( e < Oi',1 + Si=2 a /(i),nj < Z)i=l a /W,™ = U f- However, this contradicts property (i), 
so d > 0. Next note that Y^e'eM x( e ') = 1 an d \M\ = rn/k, so by ([TJ and the definition of d 
we have 

^(a'. X (e / )-C/) = a / -l-|M|C/= ^ (|^| - n/fc)^ 

e'eM ie[r],je[k] 

= '^2{ui,k — u^ijan < rdan, 
ie[r] 

so we have proved property (ii). 

Now we may choose some e' G M with < a' • x( e ') — U < rdan/\M\ = kda. Since 
U = {F^ 1 Y^feF U f> a ' • X(e') > a • x(e') > C/> for any / G F and |F| < £>f, we have 
< a' ■ x( e ') — Uj < Dpkda; this implies (hi), using a' • x( e ') > a " x( e 0- It a l so implies 
\Uf ~ Uf\ < Dpkda for any /, /' G F. Now, by definition of Gp and invariance of F under 
Sym fc , for any i, i' G [r] and j' G [fe] such that ii' G G\f, we can choose / G F with /(j) = i 
and /(j') = i', and let /' G F be obtained from / by transposing the values on j and j'. 
Then \Uf — Uf\ = \(uij — Uij>) — (iti'j — Ui'j')\ < Dpkda. Since Gf is connected we obtain 
statement (iv), so we have proved Claim [5\2l 

To continue the proof of Lemma 15.14 we say that an edge e' G M is good if a' • x( e ') — 
U + dy/a. We say that a vertex v G V( J) is good if it lies in a good edge of M. Note that if 
Vij is a good vertex and Vij G e' G M, then Claim [5T2l (i) gives < (a' — a) • x( e ') < d^/a, 
so • — ajj < dy/a. Writing B for the set of bad edges of M, by Claim 15.21 (i) and (ii) we 

have \B\dy/a < S e 'eB( a ' ' x( e ') ~ U) < Y^e'eAii 3 -' ' x( e ') - U) < rdan, so \B\ < ryfan. Thus 
all but at most rky/an vertices v G V( J) are good. Next we need another claim. 

Claim 5.3. There is some p G [fc— 1] and an edge e* G Jk-p+i in which all vertices are good, 
such that a'-x(e*) > (k+ ^)dy/a + Yl P <j<k u .f(j),j> where f G F is such that e* = {v p , . . . , Vk} 
with Vj G Vf(j\ for p < j < k. 

To prove this claim, we start by choosing p so that the gap — u\ tP is considerably 

larger than — u% iP+ i. More precisely, we require 

ux tP +\ - ui tP > k(u ljk - u 1)P+ i) + (k + 2)dyfa. 

Suppose for a contradiction that this is not possible. Then for every p£ [£; — 1] we have U\ & — 
ui,p = — *"i,p+l) + (wi,p+i — ui )P ) < (k+2)(ui ) k — ui jP +\ + dy/a). Iterating this inequality 
starting from u\ t k — tii < (fc + 2)dyfa we obtain the bound Ux,fe — u\ tP < (k + 2>) k ~ p dy/a. 
However, for p = 1 we obtain d = — u\ : \ < (k + 3) fc_1 <iy / a, which is a contradiction 
for a <C Thus we can choose p as required. Now consider S = UieH p<j<k ^hr Note 
that \S n Vi| = (A; — p)n/k + an for each i G [r]. Thus we can apply the assumption 
that there is no space barrier, which gives at least (3n k ~ p+1 edges in Jk_ p+ i[S]. At most 
rkyfan k ~ pJrl of these edges contain a vertex which is not good, so we may choose an edge 
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e* E Jk- p +i whose vertices are all good and lie in S. Since J is P'F-partite, we can choose 
/ E F so that e* = {w/(p),i , • • • , v f(k),l k } f° r some £ p ,...,£k, and since e* C S we have 
a ' " x( e *) > Sp<j<fc u f(j),p+i- Then by Claim [5T2l (iv) we can estimate 

a ' • X(e*) - ^ n /(i),i ^ ~ ~ D F rk 2 da. 

By choice of p we have Sp<7<jfc( u i,p+1 ~ u hj) > ( u i,p+i ~ «i,p) ~ - p)(«i,Jfc ~ «i,p+l) > 
(fc + 2)dy/a. The required bound on a' • x( e *) follows, so this proves Claim [3731 

To finish the proof of Lemma 15.11 using the minimum degree sequence of J as above, 
we greedily extend e* to an edge e = {vf(k)i h , ■ ■ ■ J v f(i),£i} € Jfc with £j > jn//c — an for 
j = p — l,p — 2, . . . , 1. This gives a • x(e \ e*) > Ylje]p-i] u f(j),r Also, since every vertex of 
e* is good we have (a' — a) • x( e *) — kd^/a. It follows that 

a • x(e) = a' • x(e*) - (a' - a) • x(e*) + a • x(e \ e*) 

>(fc + l)<i\/a+ u f(j),j ~ kdy/a + Uf^j = Uf + d\/a. 

p<j<k je\p-i] 

On the other hand, for any e' E M we have a • x( e ) — a " x( e ') by definition of A, and by 
Claim I5T21 (iii) we can choose e' so that a-x(e') < Uf + Dpkda. Thus we have a contradiction 
to our original assumption that A % ({x(^i) : * £ [ r ]})> which proves the Lemma. □ 

Next we need to address a technical complication alluded to earlier, which is that we 
cannot satisfy the assumption S <C 1/n in Lemma 15.11 by working directly with J. Thus we 
need the following lemma, which will be proved by taking a random selection of edges in 
M, that allows us to reduce to a small matched subsystem (J', M') with similar properties 
to (J, M). In the setting of the lemma, we say that M a-represents F if for any i, i' in 
1(F), letting N, N' denote the number of edges e' E M with index i, i' respectively, we have 
N' > (1 — a)N (so each i E / is represented by approximately the same number of edges 
of M). Note that when (J, M) is P-F-partite this implies that (J, M) is "P-proper (recall that 
this was a condition needed for Lemma 14.91 ) Also, if M O-represents F then the number 
of edges e' E M with i(e') = i is the same for all i E 1(F); in this case we say that M is 
F -balanced. 

Lemma 5.4. Suppose that 1/n < 1/n' <a'<a</3'</3< l/D F ,l/r,l/k. Let 
V partition a set V into r parts V\, . . . , V r each of size n. Suppose F is a (k,r) -uniform 
allocation with \F\ < Dp and (J,M) is a VF -partite matched k-system on V such that M 
a' -represents F. Suppose also that 

(i) 5 F (J) > (n, - a) n, - a) n, . . . , (\ - a) n), and 

(ii) for any p E [k — 1] and sets Si C Vi such that \Si\ = [pn/k\ for each i E [r] there are 
at least (3n p+1 edges in J p+ i[S], where S := Utefr] 

Then for any a E [r] and u,v E V a , there exists a set M 1 C M such that, writing V = 
UeeM' e ' ^' = J\V']> an d F 1 for the partition of V into V- := V% D V 7 , i £ [r], we /iaue 
u,v £ V' a , \V{\ = • • • = |V^| = n', and (J' ,M') is a V'F -partite matched k-system on V' such 
that 

(i) 5 F (J') > (n', (Y " 2«) n' t - 2a) n', . . . , (| - 2a) n') , and 
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(ii) for any p G [k — 1] and sets S 1 - C V( such that \S[\ = \jm'/k\ for each i £ [r] there are 
at least (3'(n') p+1 edges in J p+ i[S'], where S' := UieH ^i- 

The proof of this lemma requires some regularity theory, so we postpone it to the next 
section. Now we can combine Lemma 15.11 and Lemma 15.41 to obtain the following lemma, 
which shows that our assumptions guarantee irreducibility with the correct dependence of 
parameters. Note that the condition on M in the final statement is automatically satisfied 
if J is a complex. 

Lemma 5.5. Suppose that l/n < 1/t < 1/B,1/C < a' <C a < /3 < l/D F ,l/r,l/k. 
Let V be a set of rn vertices, and let V' partition V into r parts Vi,...,V r each of size n. 
Suppose F is a (k,r) -uniform connected allocation with \F\ < Dp, and (J, M) is a V'F- 
partite matched k-system on V such that M a' -represents F. Suppose also that 

(i) 5 F (J) > (n, (4^1 - a) n, - a) n, . . . , {\ - a) n), and 

(ii) for any p £ [k — 1] and sets Si C Vi such that \S%\ = [pn/k\ for each i £ [r] there are 
at least j3n p+1 edges in J p+ i[S], where S := Uisfr] 

Then (Jk,M) is (B,C) -irreducible with respect to V' . 

If, in addition, for any v € e' £ M we have e' \ {v} G J, then there is a partition V 
refining V' such that \U\ > n/k — 2an and Di(J, M)[U] is complete for every U £ V . 

Proof. Choose n',5 with 1/B,1/C <C 5 -C l/n' -C ol and kr \ n', fix any i £ [r], 
u,v £ Vi, and let M' , V', J' be given by applying Lemma [5.41 Let V" be the partition 
of V into V n Vi, . . ■ , V n V r and X' = X(J',M') C R n ' . Applying Lemma EU we 
have B™'(0,i)nn r C CH(X'). Then by LemmaOwe deduce that (J' k ,M') is (B,C)- 
irreducible with respect to V" . Since i £ [r] and u,v £ Vi were arbitrary, it follows that 
(Jfe,M) is (B, C)-irreducible with respect to V' . For the final statement we claim that 
5 + (Di(Jk, M)[V q ]) > ^fli(^) > n/k — an for each q £ [r]. Indeed, consider any v £ V q , and 
let e' be the edge of M containing v. Then we can write e' = {v±, . . . ,Vk} where = v 
and Vi £ Vfu\ for i £ [k] for some f £ F. By assumption e' \ {v} £ J, so there are at least 

Sl_-,(J) vertices u £ V q such that {u} Ue' \ {v} £ J. For each such u, ({{u} Ue'\ {v}}, {e'}) 
is a simple (u, u)-transferral in (J^,Af) of size one, so this proves the claim. The conclusion 
then follows from Lemma 14.61 □ 

Now we can formulate our main transferral lemma, which is that the minimum degree 
sequence assumption, with no divisibility or space barrier, implies the existence of all required 
simple transferrals. The proof is immediate from our previous lemmas. 

Lemma 5.6. Suppose that l/n <C l/l <C a' <C a -C f3 <C l/Dp,l/r,l/k. Let V be a set 
of rn vertices, and let V' be a partition of V into parts V\, . . . , V r each of size n. Suppose 
F is a (k,r)-uniform connected allocation with \F\ < Dp, (J, M) is a V'F -partite matched 
k-system on V such that M a' -represents F, and for any v £ e' £ M we have e' \ {v} £ J. 
Suppose also that 

(i) 6 F (J)> (n,[^-a)n,{^-a)n,...,[l-a)n), 

(ii) for any p £ [k — 1] and sets Si C Vi such that \Si\ = [pn/k\ for each i £ [r] there are 
at least (3n p+1 edges in J p+ i[S], where S := Uie[ r ] &i> an< ^ 

(Hi) L-p(Jk) is complete with respect to V' for any partition V ofV(J) which refines V and 
whose parts each have size at least n/k — 2cm. 
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Then D^J}-, M)\Vj] is complete for each j G [r]. That is, for any j G [k] and u,v G Vj the 
matched k-graph (Jfc,M) contains a simple (u,v) -trans ferral of size at most I. 

Proof. Let £',B and C satisfy l/i <C 1/f < 1/(7,1/5 < a. By Lemma (J fc ,M) 
is (.B, C)-irreducible with respect to V' , and there is a partition P refining V' such that 
|f/| > n/k — 2an and Di/(J,M)[U] is complete for every U £ V. Then L-p(Jk) is complete 
with respect to T 3 ' by assumption, so Lemma 14.91 applies to give the required result. □ 

6. Hypergraph Regularity Theory 

This section contains the technical background that we need when applying the method of 
hypergraph regularity. Most of the machinery will be quoted from previous work, although 
we also give some definitions and short lemmas that are adapted to our applications. We 
start in the first subsection by introducing our notation, defining hypergraph regularity, 
and stating the 'regular restriction lemma'. The second subsection states the Regular Ap- 
proximation Lemma of Rodl and Schacht. In the third subsection we state the Hypergraph 
Blow-up Lemma, and prove a short accompanying result that is adapted to finding perfect 
matchings. In the fourth subsection we define reduced fc-systems, and develop their theory, 
including the properties that they inherit degree sequences, and that their edges represent 
/c- graphs to which the Hypergraph Blow-up Lemma applies. The final subsection contains 
the proof of Lemma 15.41 using the simpler theory of 'weak regularity' (as opposed to the 
'strong regularity' in the rest of the section). 

6.1. Hypergraph regularity. Let X be a set of vertices, and let Q be a partition of X 
into r parts X\, . . . ,X r . The index iq(S) of a set S C X is the multiset in [r] where the 
multiplicity of j G [r] is i©(S')j = |5fl Xj\; we generally write i(S) = iq(S) when Q is clear 
from the context. Recall that a set S C X is Q-partite if it has at most one vertex in each 
part of Q; for such sets i(S) is a set. For any A C [r] we write Xa for the set \J ieA Xi, 
and Ka{X) for the complete Q-partite | A \ -graph on Xa, whose edges are all Q-partite sets 
SCI with i(S) = A. For a Q-partite set S C X and A C i(S), we write Sa = S(1Xa- If H 
is a Q-partite fc-graph or fc-system on X, then for any A C [r] we define Ha '■= H n Ka(X). 
Equivalently, Ha consists of all edges of H with index A, which we regard as an |A|-graph 
on vertex set Xa- If additionally H is a fc-complex, then we write H A < for the /c-complex 
on Xa with edge set U_bca Hb, and Ha< for the A:-complex on Xa with edge set UscA ^B- 
Similarly, we write H\ for the set of edges in H with index vector i. This is a |i|-graph, 
where |i| := J2 je [r] i j- 

To understand the definition of hypergraph regularity it is helpful to start with the case of 
graphs. If G is a bipartite graph on vertex classes U and V , we say that G is e-regular if for 
any U' C U and V C V with \U'\ > e\U\ and \V'\ > e\V\ we have d(G[U'UV']) = d(G)±e. 
Similarly, for a fc-complex G, an informal statement of regularity is that the restriction of 
G to any large subcomplex of the 'lower levels' of G has similar densities to G. Formally, 
let Q partition a set X into parts X\, . . . , X r , and G be an Q-partite /c-complex on X. We 
denote by G* A the |^4|-graph on Xa whose edges are all those S G Ka{X) such that S' G G 
for every strict subset S' C S. So G* A consists of all sets which could be edges of Ga, in the 
sense that they are supported by edges at 'lower levels'. The relative density of G at A is 
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this is the proportion of 'possible edges' (given Ga<) that are in fact edges of Ga- (It should 
not be confused with the absolute density of G at A, which is d(GU) '■= \Ga\/\Ka(X)\.) 

For any A G (M), we say that Ga is e-regular if for any subcomplex H C Ga< with 
\H*a\ > e\G* A \ we have 

^^ = dA{G)±e. 
\ h a\ 

We say G is e-regular if Ga is e-regular for every A G (<!)• 

The following lemma states that the restriction of any regular and dense /c-partite fc- 
complex to large subsets of its vertex classes is also regular and dense (it is a weakened 
version of |19l Theorem 6.18]). 

Lemma 6.1. (Regular restriction) Suppose that 1/n <C e <C c,l/k. Let Q partition a 
set X into X±, . . . ,X/-, and G be an e-regular Q-partite k-complex on X with d(G) > c. 
Then for any subsets X[ C I 1; . . . , X' k C X k each of size at least e l l 2k n, the restriction 
G' = G[X[ U-UX;] is ^e-regular with d{G') > d(G)/2 and d [k] (G') > d [k] (G)/2. 

6.2. The Regular Approximation Lemma. Roughly speaking, hypergraph regularity 
theory shows that an arbitrary /c-graph can be split into pieces, each of which forms the 'top 
level' of a regular /c-complex. To describe the splitting, we require the following definitions. 
Let Q partition a set X into r parts X%, . . . ,X r . A Q-partition k-system on X consists of 
a partition Ca of Ka{X) for each A G (<!)■ We refer to the parts of each Ca as cells, and 
to the cells of C^ for each i G [k] as the clusters of P. Observe that the clusters of P form 
a partition of X which refines Q. For any Q-partite set SCI with \S\ < k, we write Cs 
for the set of all edges of K^g^X) lying in the same cell of P as S. We write C s < for the 
Q-partite /c-system with vertex set X and edge set Us'cs ^S'- 

Let P be a Q-partition /c-system on X. We say that P is a Q-partition k-complex if P 
satisfies the additional condition that whenever edges S,S' G Ka(X) lie in the same cell of 
Ca, the edges Sb,S' b of Kb{X) lie in the same cell of Cb for any BCA Note that then 
C s < is a /c-complex. We say that P is vertex- equitable if every cluster of P has the same size. 
We say that P is a-bounded if for every A G (M) the partition Ca partitions Ka(X) into at 
most a cells. We say that P is e-regular if C s < is e-regular for every Q-partite SCI with 
\S\ < k. 

Now instead let P be a Q-partition (k — l)-complex on X. Then P naturally induces a 
Q-partition /c-complex P' on X. Indeed, for any A G ('^') we say that S,S' G Ka{X) are 
weakly equivalent if for any strict subset B C A we have that Sb and S' B lie in the same 
cell of Cb', this forms an equivalence relation on Ka{X). Then for each A G ( < {!l 1 ) the 

partition C' A of P' is identical to the partition Ca of P, and for each A G ( the partition 
C' A of P' has the equivalence classes of the weak equivalence relation as its cells. We refer to 
P' as the Q-partition /c-complex generated from P by weak equivalence. Note that if P is 
a-bounded then P' is a fc -bounded, as for each A G (v) we have that Ka(X) is divided into 
at most a k cells by weak equivalence. Now let G be a Q-partite /c-graph on X. We denote 
by G[P] the Q-partition /c-complex formed by using weak equivalence to refine the partition 
{Ga, Ka{X) \ Ga} of Ka(X) for each A G (^), i.e. two edges of Ga are in the same cell if 
they are weakly equivalent, and similarly for two /c-sets in Ka(X) \ Ga- Together with P, 
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this yields a partition fc-complex which we denote by G[P]. If G[P] is e-regular then we say 
that G is perfectly e-regular with respect to P. 

We use the following form of hypergraph regularity due to Rodl and Schacht [39] (it is a 
slight reformulation of their result). It states that any given /c-graph H can be approximated 
by another fe-graph G that is regular with respect to some partition (k — l)-complex P. It 
is convenient to consider the fc-graph G, but we take care not to use any edges in G \ H, 
to ensure that every edge we use actually lies in the original /c-graph H. There are various 
other forms of the regularity lemma for fc-graphs which give information on H itself, but 
these do not have the hierarchy of densities necessary for the application of the blow-up 
lemma (see [19] for discussion of this point). In the setting of the theorem, we say that G 
and H are v-close (with respect to Q) if \Ga A Ha\ < v\Ka(V)\ for every A G 

Theorem 6.2. (Regular Approximation Lemma) Suppose l/n<C£ < Cl/a < Ci / , 1/r, 1/k and 
a\r\n. Let V be a set of n vertices, Q be an balanced partition ofV into r parts, and H be a 
Q-partite k-graph on V . Then there is an a-bounded e-regular vertex- equitable Q-partition 
(k— l)-complex P on V , and an Q-partite k-graph G on V , such that G is v-close to H and 
perfectly e-regular with respect to P. 

6.3. The hypergraph blowup lemma. While hypergraph regularity theory is a relatively 
recent development, still more recent is the hypergraph blow-up lemma due to Keevash [19] . 
which makes it possible to apply hypergraph regularity theory to embeddings of spanning 
subcomplexes. Indeed, it is similar to the blow-up lemma for graphs, insomuch as it states 
that by deleting a small number of vertices from a regular A:-complex we may obtain a super- 
regular complex, in which we can find any spanning subcomplex of bounded maximum 
degree. However, unlike the graph case, the definition of super-regularity for complexes 
is extremely technical, so it is more convenient to work with a formulation using robustly 
universal complexes. In essence, a complex J' is robustly universal if even after the deletion of 
many vertices (with certain conditions), we may find any spanning subcomplex of bounded 
degree within the complex J that remains. The formal definition is as follows (we have 
simplified it by removing the option of 'restricted positions', which are not required in this 
paper). 

Definition 6.3 (Robustly universal). Suppose that V' is a set of vertices, Q is a partition 
of V' into k parts V{ U • • • U V^, and J' is a Q-partite k-complex on V' with jLy = V( for 
each i G [k]. Then we say that J' is c-robustly Z)-universal if whenever 

(i) Vj Q Vj are sets with \Vj\ > c\V-\ for each j G [k], such that writing V = Ujeffc] X?' 
and J = J'[V] we have \Jk(v)\ > c\J' k {v)\ for any j £ [k] and v £ Vj, and 

(ii) L is a k-partite k-complex of maximum vertex degree at most D whose vertex classes 
U\, . . . , Uf. satisfy \Uj\ = \ Vj\ for each j G [k], 

then J contains a copy of L, in which for each j G [k] the vertices of Uj correspond to the 
vertices of Vj . 

The following version of the hypergraph blow-up lemma states that we may obtain a 
robustly universal complex from a regular complex by deleting a small number of vertices (it 
is a special case of |19|. Theorem 6.32]). After applying Theorem 16.21 we regard Z = G \ H 
as the 'forbidden' edges of G; so with this choice of Z in Theorem 16. 4^ the output G' \ Z' is 
a subgraph of H. 
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Theorem 6.4. (Blow-up Lemma) Suppose 1/n < e < d* <C d a < < d, c, 1/fc, 1/D, 1/C. 
-Let V be a set of vertices, Q be a partition of V into k parts V±, . . . , V k with n < \Vj\ < Cn 
for each j G [k], and G be an e-regular Q-partite k-complex on V such that \Gij\\ = \Vj\ for 
each j G [A;], dnu(G) > d and d(G) > d a . Suppose Z C Gk satisfies \Z\ < 9\G k \. Then we 

can delete at most 26 1 / 3 \Vj\ vertices from each Vj to obtain V = V{ U ■ ■ ■ U V{., G' = G[V] 
and Z' = Z[V] such that 

(i) d{G') > d* and \G'{v) k \ > d*\G' k \/\V(\ for every v G V( , and 

(ii) G' \ Z' is c-robustly D -universal. 

We will apply the blow-up lemma in conjunction with the following lemma for finding 
perfect matchings in subcomplexes of robustly universal complexes. The set X forms an 
'ideal' for the perfect matching property, in that any extension W of X with parts of equal 
size contains a perfect matching. We will see later that a random choice of X has this 
property with high probability. 

Lemma 6.5. Let Q partition a set U into U\, . . . , Uk, and G be a Q-partite k-complex on 
U which is c-robustly 2 k -universal. Suppose we have Xj C Uj for each j G [k] such that 

(i) \Xj\ > c| Uj | for each j G [k] , and 

(ii) \G k [X U {«}](«) | > c\G k (v)\ for any v G U, where X := Xi U • • • U X k . 

Then for any sets Wj with Xj C Wj C Uj for j G [k] and \ W\ \ = ■ ■ ■ = \ W k \ , writing 
W = W\ U • • • U W k , the k-complex G[W] contains a perfect matching, 

Proof. By (i) we have \Wj\ > \Xj\ > c\Uj\ for each j, and by (ii) we have 

\G k [W](v)\ > \G k [X U {v}](v)\ > c\G k (v)\ 

for every v G W. So by definition of a c-robustly 2 fc -universal complex, G contains any k- 
partite fc-complex on W with maximum vertex degree at most 2 k . In particular, this includes 
the complex obtained by the downward closure of a perfect matching in iif^fW]. □ 

6.4. Reduced /c-systems. Now we introduce and develop the theory of reduced /c-systems, 
whose role in the A>system setting is analogous to that of reduced graphs in the graph 
setting. Informally speaking, an edge of the reduced system represents a set of clusters, 
which is dense in the original fe-system J, and sparse in the forbidden /c-graph Z. While this 
does not contain enough information for embeddings of general /c-graphs, it is sufficient for 
matchings, which is our concern here. Note that this definition includes a partition [k — 1)- 
complex P, which will be obtained from the regularity lemma, but only the first level of this 
complex (the partition of X into clusters) is used in the definition. 

Definition 6.6. Let Q partition a set X of size n into parts of equal size, and let J be a 
Q-partite k-system, Z a Q-partite k-graph, and P a vertex- equitable Q-partition (k — 1)- 
complex on X. Suppose v G R and c = (q,...,^) G R fc . We define the reduced A>system 
R := i?pg(i/, c) as follows. 

Let Vi, . . . , V m be the clusters of P, and let ri\ denote their common size. The vertex set 
of R is [m], where vertex i corresponds to cluster Vi of P. Any partition V of X which is 
refined by the partition of X into clusters of P naturally induces a partition of [m], which 
we denote by Vr: i and j lie in the same part ofVu if and only ifV% and Vj are subsets of 
the same part ofV. Note that Qr partitions [m] into parts of equal size. 
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The edges of R are defined as 0, and those S £ (\; ) for each j G [k] such that S is 

QR-partite, \ J[[j ieS Vi\\ > Cju[, and for any S' C S of size j' , at most v 2 3 n\ n k ~i edges 
of Z intersect each member of {Vi : i G S'}. 

Ideally, we would like the reduced /c-system of a /c-complex J to be itself a /c-complex. 
However, it does not appear to be possible to define a reduced /c-system that both accom- 
plishes this and inherits a minimum degree condition similar to that of J. Instead, we have 
a weaker property set out by the following result, which shows that any subset of an edge of 
a reduced /c-system of J is an edge of another reduced /c-system of J, where the latter has 
weaker density parameters. 

Lemma 6.7. Let Q partition a set X into parts of equal size, J be a Q-partite k-system, 
Z a Q-partite k-graph, and P a vertex- equitable Q-partition (k — l)-complex on X, with 
clusters of size n\. Suppose c, c' £ M fc with < c' { < Cj for all i,j £ [k] with i < j. Then for 
any e G R := Rj£(v,c) and e! C e we have e' G R' := Rp%(u, c'). 

Proof. Since e G R, e is Q_R-partite, and so e' is Q_R-partite, which is identical to being 
Q^'-partite. Next, since e G R, for any e" C e of size j at most v 2 3 n\n k ~i edges of Z 
intersect each member of {Vi : i G e"}. In particular, this property holds for any e" C e'. 

Finally, since e G i?, we have | J[Uie e — c |e| n i 6 '- Since J is a /c-complex and c| e ,, < C| e |, it 
follows that | J[U iee / Vi\ | > ^jnf . □ 

The next lemma shows that when the /c-graph Z is sparse, we do indeed have the property 
mentioned above, namely that the minimum degree sequence of the original /c-system J is 
'inherited' by the reduced /c-system. We work in the more general context of minimum 
F-degree sequences defined in Section [5j 

Lemma 6.8. Suppose that 1/n <C l/h,u <C <C • • • <C c\ a,l//c,l/r. Let X be a 
set of rn vertices, V partition X into r parts Xi, . . . , X r of size n, and Q refine V into h 
parts of equal size. Let J be a Q-partite (k — l)-system on X, Z a Q-partite k-graph on X 
with \Z\ < vn k , and P a vertex- equitable Q-partition (k — l)-complex on X with clusters 
Vi, . . . , V rm of size n±. Suppose also that J and Z are VF -partite for some allocation F , and 
that Sq(J) = n. Then, with respect to Vr, the reduced k-system R := Rp^(v,c) satisfies 

Proof. Let U\, . . . , U r be the parts of Vr corresponding to X\, . . . , X r respectively. Fix 
any / G F, j G [k — 1] and S = {u\, . . . , Uj} G Rj with Ui G Ufu\ for i G [j]. Then S is 
Q/j-partite and "PR-F-partite, and |J[Vs]| > Cjn\. For any edge e G J[Vg], we may write 
e = {vi, . . . , Vj} with Vi G X^^ for i G [j]. There are at least o~f{J) vertices Vj + i G Xj-^ +1 ^ 
such that {vi, . . . ,i>j+i} G J, and of these at most jrn/h belong to the same part of Q as 
one of vi, . . . , Vj. Thus we obtain at least ^[V^JK^^J) — jrn/h) edges in sets J[Vr], T G T, 
where T denotes the collection of Q^-partite sets T = S U {u} for some u G U f(j+i) \ S. At 
most mcj + in{ +1 = Cj + inn{ of these edges belong to sets J[Vr] of size less than Cj + in{ +1 , so 
there are at least 5f(J)m/n — am/2 sets T G T with | J[Vr]| > Cj + in\ + . 
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Such a set T is an edge of R, unless for some T' C T, more than v 2 j 1 n{ +1 n k ~^'~ 1 edges 
of Z intersect each part of Vt'i where |T'| = j' + 1 for some < f < j; in this case we say 
that T is T'-bad. Note that such a set T' is not contained in S, otherwise S would be T'-bad, 

contradicting S G R. So we can write T 1 = S' U {u}, where <S" C S and T = S U {«}. For 

— ■'— i 

fixed <S" C 5*, there can be at most i/ 2 J m such vertices u, otherwise S would be S"-bad, 
contradicting S G R. Summing over all S' C 5 we find that there are at most 2 3 v m 
vertices u G /(j'+i)] sucn that T = S U {u} is T'-bad for some T' C T. It follows that 
o~f{R) > b~J{J)m/n — am/2 — 2V 2 ~* "m > 5f(J)m/n — am. 

It remains to show that 5q(R) > (1 — ku 1 ^ 2 )m, i.e. for each i G [r] which lies in the image 
of some / G F, the set {u} is an edge of R for all but at most kv l / 2 m vertices u G U{. For 
any u G U{, the set {u} is Qij-partite, and since 6q(J) = n we have | J[V^]| = n\. So {n} is 
an edge of R unless more than v 1 / 2 riin k ~ 1 edges of Z intersect V u ; since \Z\ < un k this is 
true for at most kv 1 l 2 m vertices u, as required. □ 



The next proposition shows that the A:-edges of the reduced /c-system are useful, in that 
the corresponding clusters contain a sub-/c-graph of J/% to which the blow-up lemma can be 
applied; here we note that the complex G' obtained in the proposition meets the conditions 
of Theorem 16.41 (with 9 = v 1 ^ and d replaced by d/2). 

Proposition 6.9. Suppose that 1/n ^ e d a <C 1 / a v d 1/k. Let X be a set of n 

vertices, Q partition X into parts of equal size, G and Z be Q-partite k- graphs on X , and P 
be a vertex- equitable a-bounded Q-partition (k — l)-complex on X, with clusters of size n\. 
Suppose that G is perfectly e-regular with respect to P, and U\, . . . , Uk are clusters of P such 
that U := UiU- • -UUk satisfies \Z[U]\ < vn\ and \G[U]\ > dn\. LetV denote the partition of 
U into parts U\, . . . ,Uk- Then there exists a V -partite k-complex G' on U such that G' k C G, 
G' is e-regular, d [k] {G') > d/2, d{G') > d a , and Z' = Z n G' k has \Z'\ < v 1/z \G' k \. 

Proof. To find G' we select a suitable cell of P*, which we recall is the a fc -bounded Q- 
partition fc-complex formed from P by weak equivalence. Note that one of the partitions 
forming P* is a partition of Ku.](U) into cells C\, . . . , C s , where s < a k . So at most dn k /3 
edges of Kua{U) lie within cells C{ such that |Cj| < dn k /(3a k ). Also, since |^[C]| < vn\, 
at most u l / 2 n\ edges of K\ k -\{U) lie within cells Cj such that \ZC\G-\ > v x l 2 \Ci\. Then, 
since |G[C/]| > dn k , at least dn k /2 edges of G must lie within cells Ci with \d\ > dn k /(3a k ) 
and \Z D Ci\ < v l l 2 \Ci\. By averaging, there must exist such a cell Gi that also satisfies 
\G n Ci\ > d\Gj\/2. Fix such a choice of Q, which we denote by C. 

We now define G' to be the complex with top level G' k = G n C and lower levels G' <k = 
C<k = Us'cS Cs'i where 5 G C. Then G' k C G, and G' is e-regular, as G is perfectly 
e-regular with respect to P. Furthermore, we have 

,, |G W |GnC| ... ,,,„,, \o\ k] \ \anc\ \c\ £ , 

Finally, since \G' k \ = \G n C\ > d\C\/2 and \Z'\ < \Z n C\ < v 1/2 \C\, we have \Z'\ < 
2 -^\G' k \ < u^\G' k \. □ 
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Finally, we need the following lemma, which states (informally) that index vectors where 
the original /c-system J is dense and the forbidden /c-graph Z is sparse are inherited as index 
vectors where the reduced /c-system R is dense. If J is a /c-system on X, and V partitions 
X, then we denote by J\ the set of edges in J with index i with respect to V. 

Lemma 6.10. Suppose that 1/n <C v <C <C • • • <C c\ <C fj,,l/k. Let X be a set of n 
vertices, Q partition X into parts of equal size, J be a Q-partite k-system, Z a Q-partite 
k-graph with \Z\ < vn k , and P a vertex- equitable Q-partition (k — \)-complex on X, with 
clusters V\, . . . , V m of size n\. Let R := R p Z q(v, c) be the reduced k-system. Then for any 
partition V ofV(J) which is refined by the partition ofV(J) into clusters of P we have the 
following property: 

(Inheritance of index vectors): If \ Ji\ > fj,n p ' , where p = then \R{\ > um p /2, 
where index vectors are taken with respect to V (for J) and Vr (for R). 

Proof. Let B be the set of Q^-partite sets S of size p with S £ R p . We estimate the 
number of edges contained in all p-graphs J p [Vs] with S G B. There are two reasons for 
which we may have S ^ R p . The first is that | «/p [X^s] | < c p n p ; this gives at most c p n p edges 

in total. The second is that S is S'-bad for some S' C S, i.e. more than v 2 j n\ n k ~i' edges 
of Z intersect each member of {Vi : i S S'}, where j' = \S'\. For any given j' < p, there can 
be at most (J,)z/ 1 / 2 m p such sets S, otherwise we would have at least (J,)^ 1 / 2 ?^' sets S' of 

size j' for which more than v l / 2 n\ n k ~i edges of Z intersect each member of {Vi : i G 5'}, 
contradicting \Z\ < un k . Summing over j' < p, this gives at most 2 p u 1 / 2 m p n\ < c p n p edges 
in total. Thus there are at most 2c p n p edges contained in all p-graphs J p [Vs:] with S G B. 
Now, if at least \xn p edges e G J p have i-p(e) = i, then at least \in p : /2 of these edges lie in 
some JpfVs 1 ] with S G R p . For each such S we have ij> R (S) = i and |t/ p [Vs]| < n\. Thus 
there are at least \im p j2 edges S G R p with ij> R (S) = i. □ 

6.5. Proof of Lemma 15.41 In this subsection it is more convenient to use the (much 
simpler) Weak Regularity Lemma, in the context of a simultaneous regularity partition for 
several hypergraphs. Suppose that V partitions a set V into r parts Vi, . . . ,V r and G is a 
"P-partite /c-graph on V . For e > and A G (^) , we say that the /c-partite sub- /c-graph Ga is 
(e, d) -vertex-regular if for any sets V( C Vi with \V(\ > s\Vi\ for i G A, writing V = IJieA ^7' 
we have ^(G^fy']) = d ± e. We say that Ga is e -vertex-regular if it is (e, <i)-vertex-regular 
for some d. The following lemma has essentially the same proof as that of the Szemeredi 
Regularity Lemma |42j . namely iteratively refining a partition until an 'energy function' 
does not increase by much; in this case the energy function is the sum of the mean square 
densities of the /c-graphs with respect to the partition. 

Theorem 6.11. (Weak Regularity Lemma) Suppose that 1/n <C 1/m -C s -C 1/t, 1/r < 1/k. 
Suppose that G 1 , . . . , G l are k-graphs on a set V of n vertices. Then there is a partition V 
of V into ml < m parts, such that there is some no so that each part of V has size no or 
no + 1, and for each i G [t], all but at most en k edges of G % belong to e -vertex-regular k-partite 
sub-k-graphs. 

We also require the fact that regularity properties are inherited by random subsets with 
high probability. We use the formulation given by Czygrinow and Nagle Theorem 1.2] (a 
similar non-partite statement was proved earlier by Mubayi and Rodl [31]). 
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Theorem 6.12. Suppose that 1/n <C l/s,e,c <C s',l/k, that V partitions a set V into k 
parts V±, . . . ,V r of size at least n, and G is an (e, d) -vertex-regular k-partite k-graph on V. 
Suppose that Sj > s fori G [k], and sets Si^Vi of size Si are independently chosen uniformly 
at random for i G [k]. Let S = Uie[fc] Then G[S] is (e' ,d) -vertex-regular with probability 
at least 1 - e - cmin ^. 

Here and later in the paper we will need the following inequality known as the Chernoff 
bound, as applied to binomial and hyper geometric random variables. We briefly give the 
standard definitions. The binomial random variable with parameters (n,p) is the sum of n 
independent copies of the {0, l}-valued variable A with ¥(A = 1) = p. The hypergeometric 
random variable X with parameters (N, m, n) is defined as X = \T f] S\, where S C [N] is a 
fixed set of size m, and T C [N] is a uniformly random set of size n. If m = pN then both 
variables have mean pn. 

Lemma 6.13. |17^ Corollary 2.3 and Theorem 2.10] Suppose X has binomial or hypergeo- 

2 

metric distribution and < a < 3/2. Then F(\X - MX\ > aEX) < 2e~~ EX . 

Now we give the proof of Lemma 15.41 We introduce new constants e, e', c, d, m such that 
1/n' <C 1/m <C e, c <C s' <C d <C a'. Let e u and e v be the edges of M containing u and 
v respectively. Since M a'-represents F, we can partition M as Mq U Mi, where M\ is 
F-balanced, {e u ,e v } C Mi and \Mq\ < a'\M\. Letting Vq be the set of vertices covered 
by Mo, we have |Vo| = &|Mo| < a'rn. Since |M| = rn/k we can write \M\\ = rn\/k with 
m > (1 — a')n. By uniformity of F, Mi covers n\ vertices in each part of V . Let 7 := L(F) 
(recall that if L(F) is a set then this is the set {i(/) : / G F}). So |I| = l^l/A;!. We partition 
Mi into blocks, where each block contains one edge e' with i(e') = i for each i G /. So each 
block consists of |/| edges, and uses b := k\L\/r vertices from each part. We arbitrarily label 
the blocks as Bi, i G [tib], where ub '■= |Mi|/|/| = ni/b, and for each j G [r] we let Bij be 
the vertices in Vj used by edges of Bi, which we arbitrarily label by [b]. For x € [ub], t G [r], 
c G [b] we let v x t c denote vertex c in B x t. We construct M' as a union of blocks. We start by 
taking two distinct blocks B Xu and B Xv , where e u G B Xu , and either e v G B Xv or e v G B Xu 
and B Xv is arbitrary. Then we let X be a subset of [ng] \ {x u ,x v } of size n'/b — 2 chosen 
uniformly at random, and let X' = X U {x u ,x v }, so = n'/5. We take M' = IJxeX' Bx- 
Writing V = \J eeM / e, J' = J[V], and V( = Vi t~)V for each i G [r], we have u, v G V a ', 
l^i'l = • • • = \Vr \ = n', and (J',M') is a matched PF-partite fe-system on V' . 

Fix / G .F and consider the minimum /-degree sequence 5^ (J'). We clearly have S^(J') = 
n', as for any v G V we have {v} G J, and so {v} G J'. Now fix any e = . . . , Vj} G J 
for some j £ [k — 1] such that t>j G Vf^ for i G [j]. For each i G [j] let JS^ be the block 
containing Vi, so S e := B Xu U U \J B is the union of £ < j + 2 distinct blocks. Let 

^4 be the set of vertices covered by edges in B e . Write q = f(j + 1), and for c G [b], let 
N(e) c be the set of vertices u G V q \ (Vq U ^4) such that e U {w} G J and v = v xqc for some 

£ G [ns]- Then X^cG[b] l j ^ r ( e )c| ^ (ht ~ a ) n — a'rn — £br by assumption on S^(J). Writing 
|iV(e) c | = 9 c ni, and C = {c G [6] : C > 2e} we have E cG c c ^ 1_ j /k-a-2a'r -2be. Note 
that, conditioning on the event e G J', the random variable \N(e) c n V^'| is hypergeometric 

with mean ^y^_^ |-/V(e) c | > (9 C — e)n' for each c G C, so the Chernoff bound (Lemma I6.13P 
gives \N(e) c n Vl'| > (9 C — 2e)n' with probability at least 1 — 2e~ e3n '^ 3 . On these events we 
have mf(e) := £ ce[b] |iV(e) c n Vj\ > E ceC (^ - 2e)n' > (l-j/fc-2a)n'. So, letting Z(e,/) 
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denote the event that m^(e) < (1 — j/k — 2a)n', and no longer conditioning on e 6 J', we 
have 

P(e G J' and Z(e, /)) = P(e G J')F(Z(e, f) | e G J') < ( j/^Zj ) ' ■ 

Taking a union bound over at most \F\(k — l)(k + 1) choices of / G F, j E [k — 1] and 
I G [j + 1], and at most (nB) e ~ 2 (b£y < n l ~ 2 (2bk) k edges e G Jj such that B e is the union 
of I distinct blocks, we see that the minimum F-degree property of J' holds with high 
probability. 

For property (ii) we use weak hypergraph regularity. Fix p £ [k — 1] and consider the 
following auxiliary (p + l)-graphs J TC on [ng]. Given 1 < x\ < ■ ■ ■ < x p+ \ < Ub, T = 
(ti, . . . , ip+i) G [r] p+1 such that there is some / G F for which f(i) = ti for i G [p + 1], and 
C = (ci, . . . ,Cp+i) G [6] p+1 , we say that . . . ,x p+ i} G J TC if and only if {v XiUCi ■ % G 
[p+ 1]} G Jp+i- Thus each edge of J p +i that has at most one vertex in any block corresponds 
to a unique edge in at most (p + 1)! of the (p + l)-graphs J TC (these are given by holding 
C constant and permuting T). Observe that this accounts for most edges of J p +i, as at 
most br p+l n p edges have more than one vertex in some block. By Theorem 16.111 there is a 
partition V' of [ng] into m! <m parts, such that there is some no so that each part of V' has 
size no or TT-o + 1, and for each T and C as above, all but at most en p+1 edges of J TC belong to 
e-vertex-regular P'-partite sub-(p + l)-graphs. Note that m'no < tlb < m'(rio + l). Similarly 
to the previous argument, we will see that with high probability X' represents all parts of V 1 
approximately equally. Indeed, fix U G V , and note that \X'nU\{x u , x v }\ is hyper geometric 
with mean ^^|(no±2) = ^_ (ng/m' ± 4) = n' /bm' ±1, since ub = n\/b. By the Chernoff 

bound, we have \X' n U\ = (1 ± e)n' /bm' with probability at least 1 - 2e" e2n ' /66m ' . We 
restrict attention to choices of X' such that this estimate holds for all U G V ■ Note that 
conditional on any specified values of \X' n U\ for [7 G V' , the choices of X' n U \ {x u , x v }, 
U E V are independent uniformly random \X' f]U\{x u , x v }\-sets in U\{x u , x v } for U G T 7 '. 
Now consider the 'reduced' (p + l)-graphs R TC , where F(i? TCI ) = "P', and E(R TC ) consists 
of all (p+ l)-tuples (C/i, . . . , lV" p+1 ) of parts of V , such that writing U = Uie[p+i] ^ TC, [^] 
is (e, ci')- vertex-regular for some d' > d. Observe that at most {d + e)n p+1 edges of J TC do 
not belong to J TC [U] for some such edge. Given an edge {U\, . . . , U p+ x) G E(R TC ), and 
a random choice of X' such that \X' D U\ = (1 ± e)n' /bm' for all £/ G T 5 ', Theorem 16.121 
implies that J TC, [f/nl'] is (e', (f')-vertex-regular with probability at least 1 — e~ cn l 2hm . We 
can assume that this holds for all T, C and (JJ\, ■ ■ ■ , £/ p +i), as there are at most (r6m) p+1 
choices, so we can take a union bound. 

Now consider any sets S[ C V^' such that = [pn'/AiJ for each t G [r]. We need 
to show that there are at least {3'(n') p+1 edges in J p+ i[S'], where S' := UteH ^'f 
^ c = {x G [n B ] : v xtc G 5'} for t G [r] and c G [b]. Let y te = {[/ G V : \S' tc nU\ > f3 2 \X'nU\}. 
For each t G [r] we have 

^=1^1 = ^ ^ \S' tc nU\<^2\Y tc \(l + e)n'/bm' + b(3 2 \X'\, 
ce[b] UeV ce[b] 

so Ecelb] \ Y <c\ > U+ e K 6 ff > (^A " 26/3 2 )6m'. Write 5 t ° = U ce[b] Uf/ e y tc ^- Then |5 t °| > 
(p/k — 2bp 2 )bm'riQ > {p/k — 3bf3 2 )n, since m'(no + 1) > n B = n/b. Let S ( C y f be an 
arbitrary set of size [pn/k\ such that Sf C St if (Sf | < pn/k or St C S® if (S 1 ^ > pn/k. Let 
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S = Si U • • • U S r and Stc = {x G [ub] '■ v x t c G S} for t G [r] and c G [6]. By assumption (ii), 
there are at least f3n p+1 edges in J p+ i[S\. Of these edges, we discard a small number of edges 
that are 'bad' for one of the following reasons: at most 3rk[3 2 n p+1 edges which are incident 
with UtG[r](^ \ &t )> a ^ mos t br p+1 n p edges which have more than one vertex in some block, 
and at most (br) p+1 (d + e)n p+l edges which correspond to an edge in some J TC belonging 
to a (p+ l)-partite sub-(p + l)-graph that is not (e, d') -vertex-regular with d! > d. This still 
leaves at least (/3 — /3 3 / 2 )n p+1 edges, each of which corresponds to an edge {xi, . . . , x p +i} in 
some J TC such that X{ G St iCi H C/f for some U{ G lt jCi for i G [p + 1] and (E/j : z G [p + 1]) is 
an edge of R TC . Let Q TC< be the set of edges (J7j : i G [p + 1]) in i? TC such that f/, G Yt iCl 
for i G [p + 1]. Then we have 

^ l^ TC | ^ (Z 3 " /3 3/2 K +1 /K + > ^(bm') p+l . 

T,C 

Recall that each edge of J with at most one vertex in any block corresponds to at most 
(p + 1)! edges in the (p+ l)-graphs J TC . So (p+ 1)!| J p +i[5"]| is at least the number of edges 
{xi, . . . , x p+ i\ in some J TC such that x^ G c n Ui for i G [p + 1] where (f7j : i G [p + 1]) G 
qTC For eacll ([/^ : i £ [p + 1]) g Q TC< we have at least (d - e')Ilie[p+i] n ^1 > 
\d{fP"nl /bm') p+1 such edges of J , using the definition of Y tiCt and e'-vertex-regularity. 
Since Etc\Q T °\ > \P{bm') p+1 we obtain at least p'{n') p+l edges in J p+ i[S'] = J p+1 [S'}. 

□ 

7. Matchings IN A;-SYSTEMS 

In this section we prove our theorems on matchings in /c-systems with a minimum de- 
gree sequence condition. In fact, we prove theorems in the setting of minimum F-degree 
sequences, which simultaneously generalise both our non-partite and partite theorems. In 
the first subsection we prove the general form of the fractional perfect matching result. We 
combine this with hypergraph regularity in the second subsection to prove a common gen- 
eralisation of Theorems 12.11 and 12.41 on almost perfect matchings. In the third subsection 
we apply transferrals to prove a common generalisation of Theorems 12.81 and 12.91 on perfect 
matchings; we will also see that essentially the same proof gives a common generalisation of 
Theorems 12.31 and 12.61 

7.1. Fractional perfect matchings. In this section we prove a lemma that generalises 
Lemma [3.61 to the minimum i^-degree setting. Let J be a "PF-partite /c-system on V, where 
V is a balanced partition of V into r parts of size n, and F is a (k, r)-uniform allocation. 
Recall that a fractional perfect matching in is an assignment of a weight w e > to each 
edge e G Jfc such that for any v G V(Jfe) we have Yle^v w e = The lemma will show 
that if J satisfies our minimum i^-degree condition and has no space barrier then admits 
a fractional perfect matching (in fact, with a slightly stronger minimum degree the latter 
condition is not required). We actually prove something stronger, namely that contains a 
fractional perfect matching which is F -balanced, in that ^eeJ fc - i(e)=i w e ^ s constant over all 
i G 1(F); this can be seen as a fractional equivalent of an F-balanced matching as previously 
defined. We also say that a multiset E in is F -balanced if the number of edges in E of 
index i (counted with multiplicity) is the same for any i G 1(F). First we need the following 
proposition. Let T be the collection of all sets T C J k which contain one edge of index i for 
each i G 1(F). 
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Proposition 7.1. The following statements are equivalent. 

(i) 1gPC({ X (T):TgT}). 
(ii) k\I{F)\l/rn G CH({ X {T) : T G T}). 

(mj Jfc admits an F -balanced fractional perfect matching in which at most \I(F)\(rn + 1) 

edges have non-zero weight, 
(iv) Jk admits an F -balanced fractional perfect matching. 

Proof. Let X = {x(T) : T G T}. Suppose first that (i) holds, so that 1 = X^xex CxX with 
c x > for x G X. Then we have k\I(F) \ X^ x gx c * = Sxgx c * x 1 = 11 = rn. Since 
any x G X has non-negative integer coordinates we also have c x < 1 for each x. Then by 
multiplying each c x by k\I(F)\/rn we obtain (ii). Now suppose that (ii) holds. Then by 
Theorem 13. II we may write k\I(F)\l/rn = X^xex c * x w hh c x > for x G X so that at most 
rn + 1 of the c x 's are non-zero. For each x G X assign weight wt = mc^_/k\I(F)\ to some 
T G T with x(T) = x. Then assigning to each edge e G Jk the weight w e := X^TeT- eeT W T 
gives an F-balanced fractional perfect matching in which at most \I(F)\(rn + 1) edges have 
non-zero weight, so we have (hi). Trivially (hi) implies (iv), so it remains to show that (iv) 
implies (i). Consider an F-balanced fractional perfect matching in Jk, where w e denotes the 
weight of an edge e, so Xlee,/ fe - i(e)=i w z ^ s constant over i G 1(F). We assign weights to sets 
T G T and modify the weights of edges e G Jk according to the following algorithm. Suppose 
at some step we have weights w' e for e G Jk, such that YleeJ k : i(e)=i w 'e ^ s constant over i G 
1(F). Suppose that not all weights are zero, and choose eo G Jk with the smallest non-zero 
weight. For every i G 1(F) with i ^ i(e ), since £ eeJfc: i( e )=i«4 = E eG J fc : i(e)=i(e ) w 'e + °> 
we may choose e\ in Jk with \(e\) = i and w' e . / 0. Note that w' e . > w' eg , by minimality of 
w' eQ . Let T G T consist of eo and the edges e\ for i G 1(F) with i ^ i(eo). We assign weight 
w' eQ to T, and dehne new weights by w" Q = 0, w" { = w' ei — w' £Q , and w" e = w' e otherwise. 
Then, with these new weights, J2eeJ k - i(e)=i w e remains constant over i G 1(F), and w" e > 
for every e G Jk- Since the number of edges of zero weight has increased by at least one, 
after at most \Jk\ iterations every edge will have zero weight, at which point we stop. Then 
for any x G X, we let c x be the sum of the weights assigned to any T with x(T) = x. By 
construction we have 1 = J2xex c * x > as required. □ 

The following lemma generalises Lemma 13.61 to the minimum F-degree setting. Indeed, 
Lemma 13.61 is the a = 'furthermore' statement of Lemma \7.2\ applied with r = 1 and F 
generated by the unique function [1]. The main statement in Lemma 17.21 shows 

that the same conclusion holds under a slightly weaker F-degree sequence if there is no space 
barrier. 

Lemma 7.2. Suppose that 1/n <C a 1 <C f3,l/Dp,l/k,l/r and that a < a'. Let V be a 
set partitioned into parts V\,...,V r each of size n, and F be a (k , r) -uniform connected 
allocation with \F\ < Dp. Also let J be a VF -partite k-system on V such that 

(i) 5 F (J) > ^n, <yk ~k^ n — <^n, ( k ~^> n — an ^ . . . ? 2 _ an ^ f an d 

(ii) for any p G [k — 1] and sets Si C Vi with \Si\ = [pn/k\ for i G [r] we have \J p+ i[S}\ > 
(3n p+1 , where S := U i6 [ r ] Sj. 

Then Jk admits an F -balanced fractional perfect matching. Furthermore, if a = then this 
conclusion holds even without assuming condition (ii) or that F is connected. 
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Proof. First we give a construction that reduces to the case when k \ n. For i 6 [r], let V- 
be a set of size kn consisting of copies Vi(j), j G [k] of each v% G V{. Let J' be the fc-system 
whose edges are all possible copies of the edges of J. Then 5 F (J') = k5 F (J), so (i) holds for 
J'. To see that (ii) holds also, fix p G [k — 1] and sets 5- C V( with \S[\ = pn for i G [r]. Let 
Si ^ ^ consist of all vertices vi G Vi with a copy Vi(j) in Then ISil > {S'^/k > \jpn/k\. 
So | Jp+ifS"]! > f3n p+1 by (ii), where S := U«e[r] Each edge of Jp+ifS] has at least one copy 
in J' p+1 [S'\, where 5' := U ie[r ] SJ. We deduce that |J p+1 [S"]| > /3nP +1 > ((3/kP +1 )(kn)P +1 , 
so (ii) holds for J' with f3/k' p+1 in place of /3. Assuming the result when k \ n, we find that 
J£ admits an F-balanced fractional perfect matching. From this we obtain an F-balanced 
fractional perfect matching in where the weight of an edge is obtained by combining the 
weights of its copies in J' k and dividing by k. Thus we can assume k \ n. 

Now suppose for a contradiction that has no F-balanced fractional perfect matching. 
Let T be as above; then Proposition 17.11 implies that 1 £ PC({x(T) : T G T}). So by 
Farkas' Lemma (Lemma E3D, there is some a G W n such that a • 1 < and a • x{F) ^ 
for every T G T ■ Note that any F-balanced multiset E in can be expressed as Xa=i 
for some Ti, . . . , T z in T, and so satisfies a • x(F) > 0- F° r * G [ r ] 1st fi,!, . . . , Ui iTl be the 
vertices of 14, and let a^i, . . . , aj >n be the corresponding coordinates of a, where the vertex 
labels are chosen so that a^i < < • ■ ■ < ai,n for each i £ [r]. 

For any multisets S and S" in V of equal size m, we say that S dominates S', and write 
S' < S, if we may write S = {v h . . . , v imJm } and 5" = {v^ , . . . , v Vfn ^ m } so that for 
each £ G [m] we have i# = i'« and jt < j^. Note that < is a transitive binary relation. 
We also observe that if S' < S then a • x(S") < a " x(S)- As usual, for a multiset E in 
Jit we write x(F) = J2eeEX( e )i thus identifying E with the multiset in V in which the 
multiplicity of v G V is the number of edges in E containing it, counting with repetition. 
We recall that S + T denotes the multiset union of two multisets S and T, and for i 6 N, 
iS denotes the multiset union of i copies of S. We extend our 'arithmetic' of multisets to 
include subtraction, writing S — T for the multiset A such that A + T = S, if it exists. It 
will also be convenient to manipulate formal expressions S — T that do not correspond to 
multisets, via the rule (S — T) + (5' — T") = (S + S') — (T + T"), which can be understood 
as a shorthand for X (S) - x(T) + X (S') - x(T') = X (S) + x(S') - X (T) + x(T'). 

We start by proving the a = statement. For a mental picture, it is helpful to think of the 
vertices arranged in a grid, with r columns corresponding to the parts Vi, i G [r], and k rows, 
where the subsquare in column i and row j contains the vertices u» iWfc+s) s £ 
We partition 1/ into sets (W a : s G [«/&]), where W s = {fj (j_iWfc+ 8 : * £ [ r Li S [fe]} 
consists of all vertices at height s, for each column i and row j. Note that for each s G [n/A;] 
we have W s > Wi- Thus we have > a • 1 = E sG [n/fc] a ' x{W s ) > (n/Jfe)a • x(Wi). To 
obtain the required contradiction, we will show that a constant multiple of W\ dominates 
an F-balanced multiset of edges of Jk- To see this, define X* := {t ; /(j),(j-i)n/fc+i : j S [k]} 
for / G F. Since F is (A;, r)-uniform we have Ylf^F-^-^ = \F\r~ l W\. Now, by the minimum 
F-degree of J, we may greedily form an edge e* = {vfny^ , . . . , Vf^),d k \ ^ J with d\ = 1 and 
dj < (j — l)n/k + 1 for each 2 < j < k. Then X* dominates e J , so iF'lr" 1 Wi = X^/G-F^^ 
dominates the F-balanced multiset {e? : f G F}. It follows that a • x(Wi) > 0, so we have 
the required contradiction to the assumption that has no ^-balanced fractional perfect 
matching. 
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Now consider the case < a < a' . We will obtain a contradiction by a similar strategy to 
that used when a = 0, namely partitioning V into 'dominating' sets, where we say a multiset 
S is dominating if some constant multiple of S dominates an F-balanced multiset of edges 
in Jfc. Note that if S is dominating we have a • x(S) > 0, so this will give the contradiction 
a • 1 > 0. We may assume that C := an is an integer. We also let N be an integer with 
a' < 1/N < 1/D F , 1/k, l/r and \F\ | N. Now we define sets W s , s G [n/k - CN] of size rk 
by 

W s := {v ijS : i G [r]} U {^ i0 _ 1)n/fc+c+s : i G [r], 2 < j < fc}. 
Note that this agrees with our previous definition in the case when C = a = 0; now we have 
increased by C the height of the vertices in rows 2 to k. Again we have W s > W\, and we 
will show that a constant multiple of W\ dominates an F-balanced multiset of edges. To 
see this, define := {v/(i),i} U {v f ^^_ 1)n/k+c+1 : 2 < j < k} for / G F (again, this 
agrees with our previous notation when C = a = 0). Since F is (k, r)-uniform we have 
^2j e p Xf = \F\r~ 1 Wi. By the minimum F-degree of J, we may greedily form an edge 
e* = {^/(i),^, • • • , Vf(k),d k } £ J with d\ = 1 and < (j — l)n/k + C + 1 for each 2 < j < k. 
Then dominates e^, so J2feF^^ = \F\r~ 1 W\ dominates {e^ : / G F}. 

Thus we have arranged that most vertices in V belong to dominating sets W s , but in each 
column we still need to deal with the CN highest vertices in row 1, and the C lowest and 
C(N — 1) highest vertices in rows 2 to k. We will partition these into sets Z s , s G [C] of 
size rkN, so that each Z s contains N vertices in each of the rk subsquares of the grid of 
vertices, and in rows 2 to these comprise 1 'low' vertex and N — 1 'high' vertices. The 
formal definition is as follows. Define P := [k] x {0, . . . , N - 1} U {(1, N)} \ {(k, 0)}. Then 
for each s G [C], let 

Z s := {v iJn/k _ tC+s : (j,t) G P,i G [r]} . 
Note that the sets W s , s G [n/k — CN] and Z s , s G [C] partition V. Next we define a 
multiset that is dominated by each Z s . Write yij = v i j n /j t _cN f° r i £ H> i £ [^]> 

y = {j/ij : i G [r], j G [A;]}, and D = Ay + {y iA : i G [r]} - : i G [r]}. 

Thus the CA highest vertices in the subsquare of column i and row j are each above the 
corresponding vertex j/jj of y. We claim that each Z s dominates D. To see this, note that 
for each i G [r] and 2 < j < k — 1, the A copies of j/jj in D are dominated by the N — 1 
high vertices Vi^nj^ic+s^ t G [A — 1] in row j and the low vertex «jj n /fc+ s in row j + 1. 
In row /c we have removed one copy of each from £>, so the remaining N — 1 copies are 
dominated by the high vertices in row k. In row 1 we have N + 1 copies of yjj in D, which 
are dominated by the N vertices «i, n /ifc-tC+s> t £ [-W] i n row 1 an d the low vertex v ijTl / k+s in 
row 2. Thus Z S >D. 

The remainder of the proof is showing that D is a dominating multiset; we divide this 
into 3 claims. The first claim exploits the absence of a space barrier to find edges that 
are lower than those guaranteed by the minimum degree condition. Whereas the minimum 
degree condition gives edges in which the ith vertex is (close to being) in row i or below for 
i G [k], for each p G [k — 1] we can find an edge where the first p+1 vertices are in row p or 
below, and the ith vertex is (close to being) in row i or below for p + 2 < i < k. Intuitively, 
we can think of such an edge as having a 'p-demoted' vertex, in that the (p + l)st vertex is 
lower than guaranteed by the minimum degree condition (although the first p vertices may 
be higher) . We also require that a demoted vertex is not too near the top of the row it has 
demoted too, in that it is below the corresponding vertex yij. In the first claim we have 
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no control over which of the parts Vi contains a demoted vertex, so in the second claim we 
exploit the connectivity of F to construct a multiset with a demoted vertex in any desired 
part. Finally, in the third claim we take an appropriate non-negative linear combination of 
multisets with p-demoted vertices for all p to obtain a multiset dominated by D. 
For the first claim we need edges dominated by one of the sets 

B l ■■= iVm,P --i^\P+ !]} u {Vf(j)j -P + ^<3<k}. 

f 

Claim 7.3. For any p G [k — 1} there is some f p G F and e p G Jk with e p < B p p . 

To prove the claim, for each i G [r] let Si = {vi^d : d < pn/k — CN}, and arbitrarily choose 

of size pn/k containing Si. Let S = Uie[r] &i an d = Uie[r] ^' ■ Then by condition (ii) 

we have | J p+ i[S"]| > f3n p+1 . At most rCN{rn) p < (3n p+1 edges of J p +\ intersect 5' \ S, so 

| Jp+ifS 1 ]! > 0. We may therefore choose an edge e = {^/(i)^, ■ ■ ■ , U/(p+i),d +1 } G J p +\ where 

dj < pn/k — CN for j G [p + 1], for some function / : [p + 1] — > [r] . Since J is "PF-partite, / 

must be the restriction of some f p G F. Then by the minimum /^-degree assumption on J 

we can greedily extend e to an edge e p = {v^ny^ , . . . , with dj < (j — l)n/k + C + 1 

f 

for p + 2 < j < k. Thus B p p dominates e p , which proves Claim [7T3l 

For the second claim we will find F-balanced multisets of edges dominated by the multisets 
D p = 2k\F\ r - 1 Y + (p + l){y e>p } - {yij : j G [p + 1]}. 
Claim 7.4. For any p 6 [A; — 1] and £ G [r] there is an F -balanced multiset Ei, in with 

/••;, < d* p . 

To prove the claim, we start by applying Claim 17. 3( obtaining e p G Jk and f p € F with 
e P < -Bp p - Since F is connected, there is a connected graph Gj? on [r] such that for every 
ii' G E{Gf) and j,/ G [k] with j ^ j' there is / G F with /(j) = z and f(j') = i' . 
Choose for each j G [p + 1] a path = i{, . . . j«g. + i = ^ in Gp from to £. For 

each z G [sj], let fi £ F be such that = «1 and /|(p) = and let /j be obtained 

from fi by swapping the values of fl(j) and flip)- Since F is invariant under permutation 
we have fi G F. Now recall that for each / G F we have an edge < X*, where 
X/ = { w /(j),(i~i)n/fc+c+i : 3 G [A;]}. We define F / := {y/^j : J G [A;]}, and note that 
Yf >Xf > ef and E/eF y/ = W\r~ l Y. Next we show that we can write Dp as 

(2) D* = 2kJ2 Yf ' + (bI p X] E ir? r/ K 

To see tMs, note that F^-F^={^ ( ^^ 

({yf A - {yj J) for each ie [p + 1], z e [s.,-], so 

ze[sj] 
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for each j G [p + 1] . Then 

£ ^i V < V/';. £ ({y /p (j),j} - {y fp{j) , P }) - E «wj}-{w,}) 
ie[p+i]«e[«i] je[ P +i] je[ P +i] 

= y/p _ B /* + (p + i){ yep} _ { % . : j G [p + i]}, 

which proves ([2]). To define E^, we take 2/c copies of e* for each / £ F, replace one copy of 
e-^ p by a copy of e p , and replace one copy of e" z by one copy of e^ z for each j G [p+l]> z G [sj]; 
note that there are enough copies for these replacements, as fi, z G [sj] are distinct. Thus 
Ep contains 2fc|.F| edges and is -F-balanced, since each edge was replaced by another of the 
same index. To see that Ep < Dp, we assign edges in Ep to terms on the right hand side 
of counted with multiplicity according to their coefficient, such that each edge of Ep is 
dominated by its assigned term. Before the replacements, we have 2k copies of & for each 
/ G F, which we assign to the 2k copies of Y* . To account for the replacement of a copy 
of e' v by e p , we remove one of the assignments to Yf and assign the replaced copy of e p to 

B p p . To replace a copy of & z by & z , we remove one of the assignments to Y ' z and assign 

the replaced copy of e^* to Y$* . Thus we have an assignment showing that Ep < Dp, which 
proves Claim [731 

Finally, we will establish the required property of D by taking an appropriate non-negative 
linear combination of the multisets Ei and Dp. This is given by the following claim. 

Claim 7.5. There are non-negative integer coefficients rrij, j G [A;] such that M := Ej=i m j — 
k k and D = (N- 2k\F\M)Y + £ /e[r] E pe [ fc -i] ™ p D e p . 

To prove the claim, we define the coefficients recursively by m^ = 0, m^-i = 1, m^_2 = 
k — 1 and 

mj = (j + 2)nij + i — (j + 3)nij + 2 for 1 < j < k — 3. 
Since rrij < krrij + i for any j £ [k — 1] we have M < k k . Next we show that 



k 

(3) (s + lK- £ 

3=8-1 



— 1 s = k, 

fc- 1 > s> 2, 

1 s = l. 



For s = k we have (/c + l)mfc — m^-i — = —1, and for s = k — 1 we have knik-i — 
Ylj=k-2 n^j = k — (k — 1) — 1 = 0. Also, for — 2 > s > 2 we have 

k k k 

(s + l)m s - V] mj = m s _i + (s + 2)m s+ i - V] mj = (s + 2)m s+ i - m j , 

j=s-l j=s-l j'=a 

so these cases follow from the case s = k — 1. Finally, writing mo = 0, we have 

k / fc \ 

^ (g + l)m s - ^ mj = m fc - m = 0; 

8=1 \ 3=8-1 ) 

this implies the case s = 1, and so finishes the proof of (|3|). Now we show by induction 
that m,j > (j + 2)mj+i/2 for j = k — 2, k — 3, ... ,2. For the base case j = k — 2 we have 
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m&_2 = k > k/2 = krrik-i/2. Now suppose 2 < j < k — 3 and mj + \ > (j + 3)mj_|_2/2. Then 
mj — (j + 2)mj + i/2 > (j + 2)m J+ i/2 — (j + 3)to., + 2 > (j — 2)rrij + i/2 > 0. Therefore rrij > 
for 2 < j < k. Then by ([3]), we also have m\ = (1 + X]j=o m i) — 0- Now by definition of 
.Dp, for any £ G [r] we have 

m p L>J = m p (2A:|F|r- 1 y + (p + 1){ W|P } - { Wj : j G [p + 1]}) 

pe[k-i] pe[k-i] 

= 2Mk\F\r~ 1 Y + \(s + l)m s - mA {yi , s} . 

se[k] \ 3=s-l / 

Summing over £ and applying ©, we obtain J2ee[ r ] Spe[fe-l] m p-^p = 2Mfc|F|Y + {y^i : £ G 
[r]} — {y^ 5 fc : £ G [r]}. By definition of D, this proves Claim [731 

To finish the proof of the lemma, we show that D is dominating, by defining an F-balanced 
multiset E in Jk with E < D. We let E be the combination of Nr/\F\ — 2Mrk copies of 
{e$ : f G F} with m p copies of E~ for each £ G [r] and p G [Ar] (note that Nr/\F\ — 2Mrk 
is positive since N S> Dp,k,r). Then E is F-balanced, since each Ei, is F-balanced. Now 
recall from the proof of Claim 17.41 that we can write E/ G F y/ = l^k" 1 ^ with Y f > e f for 
/ G F. Substituting this in the expression for D in Claim [731 we can see that D dominates 
E termwise: each Y* in D dominates an e* in E, and each in D dominates an E^ in 
E. Now recall that V is partitioned into sets W s , s G [n/k — CN] and Z s , s G [C], where 
each W s dominates the dominating set W\, and each Z s dominates D, which we have now 
shown is dominating. We deduce that a • 1 > 0, which gives the required contradiction to 
the assumption that Jk has no -F-balanced fractional perfect matching. □ 



7.2. Almost perfect matchings. In this subsection we prove a lemma that will be used 
in the following subsection to prove a common generalisation of Theorems 12.31 and 12.61 in 
which we find a matching covering all but a constant number of vertices, and a common 
generalisation of Theorems l2.8l and l2.9[ where we find a perfect matching under the additional 
assumption that there is no divisibility barrier. The following lemma is a weaker version of 
the common generalisation of Theorems 12 . 31 and !2 . 61 It states that if a fc-system J satisfies our 
minimum F-degree condition and does not have a space barrier, then Jk contains a matching 
which covers all but a small proportion of V(J). One should note that the proportion ip of 
uncovered vertices can be made much smaller than the deficiency a in the F-degree sequence. 
The proof will also show that a slightly stronger degree condition yields the same conclusion 
even in the presence of a space barrier, from which we shall deduce a common generalisation 
of Theorems 12.11 and 12.41 on almost perfect matchings. 

Lemma 7.6. Suppose that 1/n C ^ C a < /3, 1/Dp, 1/r, 1/k. Let V he a partition of 
a set V into parts V\, . . . ,V r of size n and F be a connected (k,r) -uniform allocation with 
\F\ < Dp. Suppose that J is a VF -partite k-system on V such that 

(i) 5 F {J) > (n, (^r± - a) n, - a) n, . . . , Q - a) n), and 

(ii) for any p G [k — 1] and sets Si C Vi with \Si\ = [pn/k\ for i G [r] we have \J p+ i[S]\ > 
f3n p+1 , where S := Uie[r] Si- 
Then Jk contains an F-balanced matching M which covers all but at most ipn vertices of J. 
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Proof. Introduce new constants with 

1/n < e < d a < l/o < i/, l//i < c fc < • • • < c x < 7 < V < « < 1/Af, 1/r, 1/fc. 

We may additionally assume that r | /i. Since r | |V(J)| and r \ alh, we may delete up to 
alh vertices of J so that equally many vertices are deleted from each vertex class and the 
number of vertices remaining in each part is divisible by alh. By adjusting the constants, 
we can assume for simplicity that in fact alh divides n, so no vertices were deleted. Fix 
any partition Q of V into h parts of equal size which refines V, and let J' be the /c-system 
on V formed by all edges of J which are Q-partite. Then J 1 , is a Q-partite /c-graph on V, 
so by Theorem 16.21 there is an a-bounded vertex-equitable Q-partition (k — l)-complex P 
on V and a Q-partite /j-graph G on V that is v/r k -c\ose to J k and perfectly e-regular with 
respect to P. Let Z := GAJ' k . Then since G is ^/r fc -close to J' k we have \Z\ < vn k '". Also let 
W\, . . . , W rmi be the clusters of P (note that rm\ < ah), and let n\ be their common size, 
so n\m\ = n. 

Consider the reduced fc-system R := R P q(v, c). Recall that R has vertex set [rmj, where 
vertex i corresponds to cluster W{ of P, and that Vr and Qr are the partitions of [rm\\ 
corresponding to V and Q respectively. So R is PR-F-partite and Q-partite. For each i E [r] 
let Ui be the part of Vr corresponding to part Vi of V; since P was vertex-equitable each 
part Ui has size mj. We now show that since J had no space barrier, R also does not have 
a space barrier, even after the deletion of a small number of vertices from each U{. 

Claim 7.7. Suppose that sets U- C Ui fori E [r] satisfy \U[\ = ■ ■ ■ = \U' r \ = m! > (1 — a)m\. 
Let U' := Uie[r] ^ := an< ^ ^R' ^ e the restriction of Vr to U' . Then for any 

p E [k-1] and sets S' { C U[ with |^| = Lpm'/£;J /or? E [r] we have \R' p+1 [S'}\ > /3(m') p+1 /10, 
where S' := UieH ^i* 

To prove the claim, let 5 = UieH wnere &i = Ujes' ^ Vi C 7 for i £ [r]. Then 
1 5^ I > ni [pm'/k\ > (1 — 2a)pn/k for i E [r]. Let 5" = UieH where for z E [r] we take S" 
to be any set of size [pn/k\ such that Si C 5" if |Si| < [pn/fcj and C if > \jm/k\. 
By assumption (ii) on J we have |J p+ i[5"]| > (3n p+1 , and so |«/p + i[5"']| > (3n p+1 /2, since at 
most n p+1 /h edges of J p+ i are not edges of J' p+ i- Since at most 2am vertices of S" are not 
vertices of S, it follows that | ['S'] I — /3n p+1 /4. Letting S denote the partition of V(J') 
into parts S and V(J') \ S, we can rephrase this as at least /3n p+1 /4 edges e E J p+ ± have 
15(e) = (p + 1,0). By Lemma f6 . 1 1 it follows that at least fim p+l /8 edges e E i? p +i have 
iSfl( e ) = (p + 1j 0). Since 5r is the partition of [mi] into S' and [mi] \ S' , we conclude that 
\R P+ i[S'}\ > /3m^ +1 /8, and therefore l^+ifS"]) > /3(m') p+1 / '10, proving the claim. 

Now, since any edge e E J' has d F ,(e) > d F {e) — an/2, by Lemma 16.81 we have 

5 F (R) > ((1 - £^ 1/2 )mi, (<5i(J)/n - a/2)m x , (6 k -i(J)/n - a/2)m\) 

with respect to Vr. So there are at most kv l l 2 m\ vertices i in each part of Vr for which {1} 
is not an edge of R. Thus we can delete kv l l 2 m\ vertices from each part to obtain R' with 
m' = (1 — A:^ 1 / 2 )mi > (1 — a)mi vertices in each part and 

(4) 5 F (R') > (mf, (5i{J)/n - a)m', . . . , (<y fc _ a (J)/n - a)m'). 

Claim [7?fl and ([4]) together show that it^. satisfies the conditions of Lemma [721 an d so admits 
an F-balanced fractional perfect matching. By Proposition 17.11 it follows that R' k admits 
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a .F-balanced fractional perfect matching in which there are at most \I(F)\(rm' + 1) edges 
e G R' k of non-zero weight. For e £ R' k let w e be the weight of e in such a fractional matching. 
So ^eau^e = 1 f° r an Y u £ an£ i See-R' ■ i(e)=i w e nas common value m / r//c|I(i ? )| for 

every i G /(i 7 )- Next, partition each cluster W{ into parts {Wf : e £ R' k } such that 



w e n± if e is incident to vertex i of i?', 
otherwise. 



The lemma will now follow easily from the following claim. 

Claim 7.8. For any e £ R' k there exists a matching M e in Jk^Jic e Wf] of size at least 
(w e - 7)71! . 

To prove the claim, first note that if w e < 7 then there is nothing to prove, so we may 
assume that w e > 7. Let M be a maximal matching in [U»ee ^Tl > an< ^ su PP ose f° r a 
contradiction that \M\ < (w e — 7)711. For each i £ e let W[ consist of the vertices in Wf 
not covered by M; then |W/| > 7711 for each i £ e. Now observe that since e £ R' k , and 
therefore e G -Rfc, we know that e is Qj^-partite, that |^[Uiee^T]l — 1,2 n i> an d that 
|4[U ee > Cfc™?- Since 4 \ Z C G k we therefore have |G[(J i6e W?]\ > c k n\/2. Since G 
is perfectly e-regular with respect to P, by Proposition 16.91 there is a fc-partite fc-complex G' 
whose vertex classes are Wf for i £ e such that G' is e-regular, dm(G') > d(G') > cf , 

G' fc C G, and |ZnG^| < i/ 2_fc / 3 |G' fc |. Writing W' := \J i5e W!, it follows by Lemma EH that 
G'[W'] has d{G'[W'}) > d{G')/2. So G' fc [W] contains at least j k \G' k \/2 edges. Since v < 7, 
some edge of GJJW] is not an edge of and is therefore an edge of Jjfc[W'], contradicting 
the maximality of M. This proves Claim [7T8l 



To finish the proof of Lemma 17.61 we a Pply Claim 17.81 to find matchings M e for each edge 
e £ R' k with w e > 0. Then the union M := U e eK'- w e X)M e of all these matchings is a 
matching in J k . Furthermore, by choice of the weights w e , for any i £ 1(F) the number of 
edges e' £ M with i(e') = i is at least 

E, \ 7*77% 7% \ 1 , > 1 , 1 s. 

ee-Rfe:iu e >0, i(e)=i ' ^ 

(1 — fci/ 1 / 2 )rmini — 2^kD 2 F rvn\n\ |V(J)| — V ;?7 - 

So for each i G 1(F) we may choose (|V(J)| — ipn)/k\I(F)\ edges e' £ M with i(e') = i; these 
edges together form an F-balanced matching in J k which covers all but at most ijm vertices 
of J. □ 



Examining the above proof, we note that condition (ii) and the connectedness of F were 
only used in the proof of Claim I7.7| which in turn was only used to show that R' k admits 
an .F-balanced fractional perfect matching. If we instead assume the stronger F-degree 
condition S F (J) > (n, + a) n, + a) n, . . . , (5 + a) n) then we have 5 F (R') > 

(m', ( fc ~^) m ? _ _ ? by Then the 'furthermore' statement of Lemma 17.21 implies that 

R' k admits an F-balanced fractional perfect matching. Thus we have also proved the follow- 
ing lemma. 
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Lemma 7.9. Suppose that 1/n <C if) <C a <C 1/ Dp, 1/r, l//c. Zei V be a partition of a set V 
into parts V\, . . . , V r of size n and F be a (k, r)-uniform allocation with \F\ < Dp- Suppose 
that J is a VF -partite k- system on V such that 

F / fk—1 \ (k-2 \ (I \ 

o ( J) > n, — : h a n, — \- a \ n, ...,- + a n 



k J \ k J \k 
Then contains an F -balanced matching M which covers all but at most ipn vertices of J. 

Now we deduce the common generalisation of Theorems 12.11 and 12.41 To do this, we add 
some 'fake' edges to increase the minimum degree of J, so that we may use Lemma [7. 91 This 
gives an almost perfect matching in the new system. The fake edges are chosen so that only 
a small number of them can appear in any matching, so we then remove them to give an 
almost perfect matching in the original system. 

Theorem 7.10. Suppose that 1/n C a C \j Dp ,\jr,\jk. Let V be a partition of a set 
V into sets Vi,...,V r each of size n and F be a (k,r)-uniform allocation with \F\ < Dp. 
Suppose that J is a VF -partite k-system on V with 

5 F (J) > (n, (^—^ - a] n, ( ^— ? - a ) n, . . . , ( ~ - a ) n 



k ) \ k J \k 

Then J contains a matching covers all but at most 9k 2 ran vertices of J. 

Proof. Choose a set X consisting of 8kan vertices in each part Vi for i € [r] uniformly at 
random. We form a A:-system J' on V{J) whose edge set consists of every edge of J, and 
fake edges, which are every S G ( V <j)) which is P-F-partite and intersects X. We claim that 
with high probability we have 



(5) $ F {J') > in, I ^—r^- + a] n, ( ^— + a ) n, . . . , ( \ + a 



k V k 



n 



To see this, first observe that Sq(J') = o~q{J) = n. Also, if e is a fake edge, then dj,(e) > 
n — k. Now consider any / G F, j G [£; — 1] and e G Jj such that we may write e = {v\, . . . , Vj} 

with Vi G Vf^ for i G [j]. Then there are at least {^^- — a\n vertices Vj + i G ^/(j+i) such 

that {vi, . . . , Vj + i} G J. We can assume that there is a set S of n/2k vertices v j + \ G Vf(j+i) 
such that {v\, . . . , Vj + i} ^ J (otherwise we are done). Then Y = \S n X\ is hyper geometric 
with mean 4an, so by Lemma [6.13l we have Y > Ian with probability at least 1— 2e -cm//3 . On 
this event, there are at least (k—j)n/k+an vertices vj + i G Vf(j + u such that {v\, . . . , Vj + {\ G 
J'. Taking a union bound over at most |.F|A;n fc-1 choices of f,j and e we see that © holds 
with high probability. Fix a choice of X such that ([5]) holds. Then by LemmaEU J' contains 
a matching M' which covers all but at most an vertices of J' . Since every fake edge intersects 
X, there can be at most \X\ = 8kran fake edges in M; deleting these edges we obtain a 
matching M which covers all but at most an + 8k 2 ran < 9k 2 ran vertices of J. □ 



To deduce Theorem 12. II we apply Theorem 17.101 with r = 1 and F consisting of (A;! copies 
of) the unique function /:[&]—> [1], so S F (J) = 8* (J) = S(J). Similarly, to deduce 
Theorem 12.41 we apply Theorem 17.101 with F consisting of all injections /:[&]—>■ [r], so 
S F (J) = 8*(J) is the partite minimum degree sequence. 
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7.3. Perfect matchings. In this subsection we prove a common generalisation of Theo- 
rems [2?8] and E3] on perfect matchings. Essentially the same proof will also give a common 
generalisation of Theorems 12.31 and 12.61 Before giving the proof, for the purpose of expo- 
sition we sketch an alternative argument for the case of graphs (k = 2). For simplicity we 
just consider the cases r = 2 and r = 1. Suppose first that r = 2, i.e. we have a bipartite 
graph G with parts V\ and V2 of size n, with 5(G) > (1/2 — a)n. Suppose that G does not 
have a perfect matching. Then by Hall's theorem, there is S[ C V\ with |A^(5^)| < \S[\. By 
the minimum degree condition, each of S[ and N(S[) must have size (1/2 ± a)n. Let Si 
be a set of size [n/2\ that either contains or is contained in S[ and let £2 be a set of size 
|_n/2j that either contains or is contained in Vi \ N(S[). Then Si U S2 contains at most 
2cm 2 edges, so we have a space barrier. Now suppose that r = 1, i.e. we have a graph G on 
n vertices with 5(G) > (1/2 — a)n, where n is even. Suppose that G does not have a perfect 
matching. Then by Tutte's Theorem, there is a set U C V(G) so that G\U has more than 
1 17 1 odd components (i.e. connected components with an odd number of vertices). Suppose 
first that \U\ < (1/2 — 2a)n. Then 5(G \ U) > an, so G \ U has at most a -1 components. It 
follows that \U\ < a -1 . Then S(G \ U) > (1/2 — 2a)n, so G \ U has at most 2 components. 
It follows that \U\ is or 1. Since n is even, \U\ =0, and G has two odd components, i.e. a 
divisibility barrier. Now suppose that \U\ > (1/2 — 2a)n. Then all but at most 2an of the 
odd components of G \ U are isolated vertices, i.e. G contains an independent set I of size 
(1/2 — 4a)n. Let S be a set of size n/2 containing /. Then S contains at most 2an 2 edges, 
so we have a space barrier. 

Theorem 7.11. Let 1/n <^.'y<^.a<^.f3,u<^. 1/Dp, 1/r, 1/k. Suppose F is a (k,r) -uniform 
connected allocation with \F\ < Dp, and that b = k\I(F)\/r divides n. Let V be a partition 
of a set V into parts V±, . . . , V r of size n, and J be a VF -partite k-complex on V such that 

(1) 5 F (J) > (n,(^-a)n,(^-a)n,...,{l-a)n), 

(ii) for any p G [k — 1] and sets Si C Vi such that \Si\ = [pn/k\ for each i £ [r] there are 
at least (3n k edges of Jk with more than p vertices in S := Uie[ r ] ^i, and 

(Hi) L^i(Jk) is complete with respect to V for any partition V' ofV(J) which refines V and 
whose parts each have size at least n/k — [in. 

Then contains a perfect matching which ^-represents F. 

Proof. We follow the strategy outlined in Section [2.61 The first step is to use hypergraph 
regularity to decompose J into an exceptional set and some clusters with a matched reduced 
/c-system. Introduce new constants with 

l/n«£«d*«4<l/a<i',l//s<e<(i,c<4<"'< c 'i 

<Cc fe <---<ci<V<7<l/C<a<a'<u,/3< 1/D F , 1/r, 1/k. 

We also assume that r | h. By uniformity of F, any matching in J/% which contains one edge 
of index i for each i 6 L(F) covers b vertices in each part of V' . Since b \ alh and b \ n, we can 
arbitrarily delete at most a\h/b such matchings to make the number of vertices remaining 
in each part divisible by alh. By adjusting the constants, we can assume for simplicity that 
in fact alh divides n, so no vertices were deleted. Fix any balanced partition Q of V into h 
parts which refines V, and let J' be the subcomplex obtained by deleting from J all those 
edges which are not Q-partite. Then J' k is a Q-partite /c-graph with order divisible by alh, 
so by Theorem 16. 21 there exists an a-bounded e-regular vertex-equitable Q-partition (k — 1)- 
complex P on V(J) and a Q-partite /c-graph Gon7 that is z^/r fe -close to J' k and perfectly 
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e-regular with respect to P. Let Z = G A J' k , so \Z\ < vn k and any edge of G \ Z is also an 
edge of Jfc. Note that since r \ h the number of clusters of P is divisible by r; let W±, . . . , W rmi 
be the clusters of P. Since P is a-bounded we must have rm\ < a/i. In addition, since P is 
vertex-equitable, each cluster Wi has the same size; let n\ := \ W\\ = ■ ■ ■ = \ W rrril \ = n/mi 
be this common size. 

Let R 1 := R j P q(v, c) and B? := R P q(v, c') be reduced fc-systems. So -R 1 and R? have the 
common vertex set [rmi] partitioned into r parts U\, . . . , by "Pri = Vr?, where for each 
i £ [r] part of V R i corresponds to part Vi of V. Note that since P is vertex-equitable each 
C// has size m\. Also note that since R 2 has weaker density parameters than R , any edge 
of R 1 is also an edge of R 2 . Now, since J is a /c-complex, condition (ii) implies that for any 
p £ [k — 1] and sets C with \Si\ = \jm/k\ for i £ [r] we have | [S 1 ] | > f3n p+1 , where 
S := UigW S° the conditions of Theorem 17.61 hold. Since R 1 is defined here exactly as 
R was in the proof of Theorem 17.61 we have the following claim, whose proof is identical to 
that of Claim O 

Claim 7.12. Suppose that sets Ui C U\ for i £ [r] satisfy \U±\ = • • • = \U r \ = m > (1 — 
2ka)m\. Let U := UieM Ui> R '■= ^[U] and letVR be the restriction ofVpi to U. Then for 
anyp £ 1] and sets Sj C U with \Si\ = [pm/k\ fori £ [r] we have \R p+ i[S]\ > /3m p+1 /10, 
wftere S := {Jie[ r } S i- 

Since any edge e £ J' has d F ,{e) > d F {e) — an/2, by Lemma [6781 we have 

(6) 5 F (R 1 ),5 F (R 2 ) > ^(1 - kv x l 2 )m\, {^^- - 2c^j mi, . . . , Q - 2c^ mi 

So there are at most kv l / 2 mi vertices i in each part of "Pri for which {i} is not an edge 
of R 1 . We can therefore delete kv l l 2 m\ vertices from each part to obtain R° C R 1 with 
mo = (1 — kv 1 / 2 )m\ vertices in each part and 

5 F (R°) > ^m , f— — ^ - 3aj m , • • • , ( ~ - 3a J m 

By © and Claim [77121 i?° satisfies the conditions of Lemma 17.61 so contains an F-balanced 
matching M which covers all but at most iprriQ vertices of R°. For each i £ [r] let Ui be 
the vertices in the ith part of V p \ covered by M; by uniformity of F each Ui has size 
m > (1 — V>/ r ) m o > (1 — 2ip/r)mi. Let Pr be the restriction of to f7 := UjeW so 
that the parts of Pr are U for i £ [r]. Note that M is also a matching in R 2 . Let i? be 
the restriction of R 2 to the vertices covered by M; then (R, M) is a matched P^F-partite 
fc-system on U . For each edge e £ M, we arbitrarily relabel the clusters W% for i £ e as 
yf, . . . , V k e , and let F e = Uj=i Then the following claim provides the partition of V(J) 
required for the first step of the proof. 

Claim 7.13. There is a partition of V{J) into an exceptional set V and sets X, Y , where 
X, Y are partitioned into X e , Y e for e £ M , and X e , Y e are partitioned into sets Xj, Y? , 
j £ [k], such that 

(i) r is partitioned into sets T\, . . . ,Tt with t < 3^n, where each Tj has b = k\I(F)\/r 
vertices in each Vi, i £ [r], 

(ii) for any sets Xj C A. e - C X? U Y? } j £ [k] with |Af| = ••• = |A||, writing A e = 
Af U • • • U At, there is a perfect matching in J'[A e ], 
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(iii) for anyj G [r], v G Vj, i G /(i 7 ) uni/i > and S C V(J)\Jf loifft |5nVi| > n/2-n/6k 

for each i, there is an edge e G JfS 1 U {v}] with v G e and i-p(e) = i ; and 
(wj |X?| = ni/2 and \Y?\ = (1/2 - ip/r)ni for each e G M and j G [A;]. 

To prove the claim, we start by applying Proposition 16.91 and Theorem 16. 41 to each e G M, 
deleting at most 9n\ vertices from each V? to obtain V{, . . . , V k e and a A;-partite /c-complex 

G e on V e := V{ U • • • U V k e such that 

(i) G|CG\ZC J k , 

(ii) G e is c-robustly 2 fc -universal, and 
(hi) \G e k (v)\ > d*n k ~ x for any v G V e . 

For each jf G [k] choose X? C p^ 5 of size ni/2 uniformly at random and independently of 
all other choices. Then Claim IT. 131 (ii) holds with probability 1 — o(l): this follows from 
Lemma |6.5[ for which condition (i) is immediate, and condition (ii) holds by the following 
lemma from |21] (it is part of Lemma 4.4), which is proved by a martingale argument. 

Lemma 7.14. Suppose that 1/n <C d* ,b2,l/k,l/b% < 1. Let H be a k-partite k-graph with 
vertex classes V\,. . . ,V k , where n < \Vi\ < b\n for each i G [k]. Also suppose that H has 
density d(H) > d* and that tyVi] <ti <\Vi\ for each i. If we choose a subset Xj cy ; with 
\Xi\ = ti uniformly at random and independently for each i, and let X = X\ U • • • U X k , then 
the probability that H[X] has density d(H[X]) > d*/2 is at least 1 — 1/n 2 . 

Next, for each e G M, arbitrarily delete up to ifmi/r vertices from each V?\Xj to obtain 
Yj such that \X? U Y?\ = (1 — ip/r)n\ for each j G [k]. Note that Claim I7TT31 (iv) is then 
satisfied. Let T consist of all vertices of J which do not lie in some X e or Y e . Then (r, X, Y) 
is a partition of V(J). Note that T consists of all vertices in clusters Wj which were not 
covered by edges of M, and all vertices deleted in forming the sets X e and Y e . There 
are at most 2ipmi ■ n\ = 2 r ipn vertices of the first type, and at most rm\ ■ iprii/r = ijm 
vertices of the second type, so |T| < 3ipn. Also, b divides |T fl Vi\ for i G [r], as b divides 
n, and M is F-balanced. (We also use the fact that each X? U Y?, e G M, j G [k] has 
the same size.) We fix an arbitrary partition of T into Ti, . . . , Tt that satisfies Claim 17.131 
(i). It remains to satisfy Claim 17.131 (iii). Since \X n Vi\ < n/2 for each i, applying the 
Chernoff bound, with probability 1 — o(l) we have 6f(J[V(J) \ X}) > (k — £)n/3k for each 
I G [k — 1] (we omit the calculation, which is similar to others in the paper, e.g. that in 
Theorem 17.101 ) Now consider any j, v, i and S as in Claim [7.131 (iii). Starting with v, we 
greedily construct an edge e G J[S U {v}] with i-p(e) = i and v G e. This is possible since 
\X n Vi\,\S n Vi\ > n/2 - n/6k for each i, so Sf (J[V(J) \ X}) > n/3k > \Vi \(IU S)\ for 
£ G [k — 1] and i G [r] . This completes the proof of Claim 17.131 

The second step of the proof is the following claim, which states that (R, M) contains 
small transferrals between any two vertices in any part of Vr, even after deleting the vertices 
of a small number of edges of M. 

Claim 7.15. Let R' and M' be formed from R and M respectively by the deletion of the 
vertices covered by an F -balanced submatching Mq C M which satisfies \Mq\ < am. LetVn 1 
be the partition ofV(R') into [/{,..., U' r obtained by restricting Vr. Then Dq(R' , M')[U-} 
is complete for each i G [r] . 

To prove the claim, we consider a matched /c-system (R', M') formed in this manner and 
verify the conditions of Lemma 15.61 Note that each U[ has size m', where m > m! > 
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(1 — ka/r)m > (1 — 2ka)mi, and that M' is F-balanced. Note also that if e £ M', then 
e £ M, so e S fi 1 . By Lemma 16.71 we therefore have e \ {v} £ i? 2 for any v £ e; this was 
the reason for using two reduced systems. Since R' is the restriction of R 2 to the vertices of 
M' , we therefore have e \ {w} £ R' for any u £ e. Thus by Lemma 15.61 it suffices to verify 
the following conditions: 

(a) 5 F (R') > {ml, ( ^ " «') ™f, (nr " «0 m '> • • • > (I " «') m ')> 

(b) for any p £ [k — 1] and sets C U- such that |5j| = pm' jk for each i £ [r] there are at 
least /3(m') p+1 /10 edges in it^-JS 1 ], where 5" := Uie[r] an( ^ 

(c) ^-p^, (-Rfc) is complete with respect to Vri for any partition V* R , of V(R') which refines Vri 
and whose parts each have size at least vn! jk — 2a'm! '. 

Condition (a) is immediate from ([6]), as R' was formed from R 2 by deleting at most 2kam\ 
vertices from each part including every vertex i for which {i} ^ R 2 . For the same reason, 
since every edge of R 1 is also an edge of R 2 , by Claim 17.121 we have (b) . So it remains to 
verify condition (c). Consider any partition V R , of V(R') refining Vri into d parts XJ*, . . . , 
each of size at least m! jk — 2a' m' . Form a partition V* R2 of [rm\] into d parts XJ** , . . . , 
where for each i £ [r] the at most 2kam\ vertices of [rmi] \ V(R') in the same part of Vrz as 
U* are inserted arbitrarily among the parts of V* R * in that part of V R 2 . Then let V* be the 
partition of V(J') = V{J) into d parts := UieC/** ^» ^ or eacri i- Since any part of V* R , or 
"P^2 has size at least m' /k — 2a'm' > m\/k — //mi, any part of "P* has size at least n/k — fin. 
Then L^, # (Jfc) is complete with respect to by assumption (iii) on J. Now consider any 
i £ Lp # (Jfc). By definition, at least {in k edges e £ have i-p#(e) = i. By Lemma [6.101 it 
follows that at least [im\/2 edges e £ R\ have i-p« (e) = i. Since R' was formed from R 2 
by deleting at most 2kam\ vertices from each part, there is at least one edge of R' k with 
ip^(e) = i, so i £ L-p^(R' k ). This verifies condition (c), so we have proved Claim [7TT51 

Continuing with the proof of Theorem 17.111 the third step is to find a matching covering 
the exceptional set T. We proceed through Ti,...,Tt in turn, at each step covering a set 
Ti and using transferrals to rebalance the cluster sizes. Suppose we have chosen matchings 
Ei,..., E s -\ for some s £ [t], where Ei covers the vertex set V(Ei), with the following 
properties. 

(a) The sets V(Ei) for i £ [s — 1] are pairwise-disjoint and have size at most brk 2 C, 

(b) Ti C V{Ei) CTjUy for each i £ [s - 1], and 

(c) I U 6[s -rj V{E t ) n Y{\ = ■ ■ ■ = | U i6[s -i] n^i) n < "1/6* for any e £ M. 
Then the following claim will enable us to continue the process. 

Claim 7.16. There is a matching E s in J satisfying properties (a), (b), and (c) with s in 
place of s — 1. 

To prove the claim, we need to first remove any clusters that have been too heavily used 
by Ei, . . . ,E s -i. Note that £» e [s-l] \ V(Ei)\ < brk 2 Ct < 3brk 2 Cipn. Thus there are at most 
am\/\I{F)\ edges e £ M such that | Uig[ s -l] ^ ^fl — n i/7k for some j £ [k]. Choose 

arbitrarily an F-balanced matching Mq in R of size at most ami which includes every such 
e £ M, and let (R', M') be the matched ^-system obtained by deleting the vertices covered 
by Mo from both R and M. Also let Vri be the partition of V(R') into U[,...,XJ' r obtained 
by restricting Vr. Then by Claim l7TT5| Dc{R', M')[U-] is complete for each i £ [r]. Let 
Y' C Y consist of all vertices of Y except for those which lie in clusters deleted in forming R' 
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and those which lie in some V (Ej). Then ly'nV^I > \Yf] V(\ — kam\n\ — tbrk 2 C > n/2 — n/8k 
for any i £ [A;]. 

Now choose for every x E T s an edge e x £ J with x £ e x so that {e x : x £ T s } is an 
F-balanced matching in J. Since \T S (~)Vi\ = b = k\I(F)\/r for each i, by uniformity of F 
this will be accomplished by including k edges e x of index i for each i £ 1(F). By repeatedly 
applying Claim IT. 131 (hi) we may choose these edges to lie within Y'\JT S and to be pairwise- 
disjoint. The matching {e x : x E T s } then covers every vertex of r s , but we may have 
unbalanced some clusters. To address this, consider the extra vertices Q := Ua;er s e ^ \ i x } 
that were removed. Since each i E 1(F) was represented k times, Qj := Q D Vj has size 
(k — 1)6 for each j E [r]. Divide each Qj arbitrarily into b parts of size k — 1, and for each 
i E 1(F) form Q\ of size k(k — 1) by taking ij parts in Qj, so that (Qi : i E 1(F)) partitions 
Q and for each i E /(i 7 ) the set Qi has index i(Qi) = (k — l)i. 

Next, for each i E /(i* 1 ) we arbitrarily pick a 'target' edge e(i) E M' of index i to which 
we will transfer the imbalances caused by Qi. Then for any i E 1(F) and x E Qi we may 
choose i(x) E [mi] and i'(x) E e(i) such that x is in the cluster W^ x ), and z(x) and i'(x) 
are in the same part of Vrl Furthermore, we may choose the i'(x)'s so that the multiset 
{i'(x) : x E Qi} contains k — 1 copies of each vertex of e(i). Since Dc(R', M')[U[\ is complete 
for each i E [r], there is a simple (i'(x), i(x))-transferral of size at most C in (i?', M'). Choose 
such a transferral for every x £ Q, and let (T,T') be the combination of these transferrals. 
To implement the transferral we need to select a matching E* = {e* : e E T} in J[Y], 
whose edges correspond to the edges of T (counted with multiplicity), in that e* contains 
one vertex in each cluster Wi with i £ e for each e E T. We can construct E* greedily, using 
Lemma 16.1} since by Claim 17.131 (iv) Y has n\/2 — ipni/r vertices in each cluster, and we 
have used at most ni/5k of these in E±, . . . , E s -\ and edges so far chosen for E*. 

Now we let E s = {e^gr, U E*. Then \E S \ = br + \T\ < br + \Q\C < brkC, so E s 
covers at most brk 2 C vertices. By construction E s is disjoint from E±, . . . , E s _i and satisfies 
T s C V(E S ) CT S UF. Furthermore, E s avoids all clusters in which Uie[«-l] ^(-^*) covers a t 
least n\/7k vertices. Thus it remains to show that \V(E S ) D Yf \ = ■ ■ ■ = \V(E S ) n Y£\ for 
any e E M. To see this, note that the transferral (T, T") was chosen so that x(T) — x(T"') = 
Sxgq x({^(^)}) — x({^( 2; )}) G ^ mi - For each edge e £ E s we write x R ( e ) G f° r the 
vector with x^( e )i = |e Pi Wj|. (Note that vertices in the exceptional set do not contribute 
here.) We also have E eG £* X R (e) = x(T) and Exer s X R (e:r) = E^eQ x(0(^)})- It follows 
that £ ee£s X fl (e) = X(T') + E, eQ x({^(^)}) = x(T') + E ie j( F) (^ " l)x(e(i))- Since T> and 
T' + (k — 1) EieiYF) e (') are multisets in M, this establishes the required property of E s to 
prove Claim [7.161 



Thus we can greedily complete the third step of covering the exceptional set T, in such a 
way that for each e E M we use an equal number of vertices in each Y?, j E [A;]. To finish 
the proof of the theorem, for each e £ M and j E [A;] let consist of those vertices of 
XfUYf which are not covered by any of the sets V(E-) for % E [t]. Then X? C A^ C X?UY? 
and | Af | = • • • = |A||. By Claim [7TT31 (ii), writing A e = Af U • • • U A e k , there is a perfect 
matching in Ji [A e ] . Combining these matchings for e £ M and the matchings E\, . . . , Et we 
obtain a perfect matching M* in Furthermore, all but at most tbrkC < jrn/kDp edges 
of this matching lie in J'[A 6 ] for some e E M. Since M is -F-balanced, it follows that M* 
7-represents F. □ 
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To deduce Theorem 12.81 we assume that properties 2 (Space barrier) and 3 (Divisibility 
barrier) do not hold, and show that property 1 (Matching) must hold. We will apply 
Theorem 17. 1 1 1 with r = 1 and F consisting of {k\ copies of) the unique function /:[&]—>■ [1], 
so that S F (J) = 5* (J) = S(J) and 6 = k\I(F)\/r = k divides n. Now the conditions of 
Theorem 17.111 are satisfied: (i) by the minimum degree sequence, (ii) because there is no 
space barrier, and (iii) because there is no divisibility barrier. Then contains a perfect 
matching, so this proves Theorem 12.81 

Similarly, we can deduce Theorem 12.91 for the case where b = k(V\/r = (IZi) divides 
n by taking F to consist of all injective functions / : [k] — > [r]; then 5 F (J) = 5* (J) is 
the partite minimum degree sequence. For the general case, write d = gcd(r, k), and note 
that k/d divides b and n, since we assume that k \ rn. Thus we can choose < a < b 
such that b divides n — ak/d. By choosing a matching with one edge of each index in 
/ = {Y^i£[k] u i+jd '■ j G [r/d]} (where addition in the subscript is modulo r) we can remove 
k/d vertices from each part. We can delete the edges of a vertex-disjoint such matchings 
from J, which only slightly weakens the conditions of the theorem, so the general case follows 
from the case where b \ n. We also note that we did not need the full strength of the degree 
assumption in Theorem 12. 9| for example, we could instead take the F generated by I as 
above, if r > k is not divisible by k (so that F is connected). 

Theorems 12.31 and 12.61 on matchings covering all but a constant number of vertices follow 
in the same way from the following common generalisation. 

Theorem 7.17. Let l/n < l/l < 7 < a <C P, n < l/D F ,l/r,l/k. Suppose F is a (k,r)- 
uniform connected allocation with \F\ < Dp, and V partitions a set V into sets V\, . . . ,V r 
each of size n. Suppose that J is a VF -partite k-complex on V such that 

(i) S F (J)> ( n ,(^-a)n,(^-a)n,...,(l-a)n), 

(ii) for any p £ [k — 1] and sets Si C Vi such that \ Si \ = [pn / k\ for each i £ [r] there are 
at least f3n k edges of J' k with more than p vertices in S := UieH ^i, o,nd 

Then contains a matching which ^-represents F and covers all but at most t vertices. 

Proof. The proof is very similar to that of Theorem 17. 11\ so we just indicate the necessary 
modifications. Take the same hierarchy of constants as in the proof of Theorem I7.11| and 
also take ^ < 7 C 1/-B) 1/C <C a. We start by forming the same partition of V(J) as in 
Claim 17.131 (the divisibility conditions can be ensured by discarding a constant number of 
vertices). Instead of Claim [7.151 the corresponding claim here is that (R',M') is (B,C)- 
irreducible with respect to Vr> ■ The proof is the same, except that we apply Lemma 15.51 
instead of Lemma 15.61 and there is no lattice condition to check. Next, in the analogue of 
Claim I7.16[ we can no longer ensure property (c), but instead we maintain the property 
(c') \\\Jie[s]V( E i) n Yf \ - \\J ie[3] V(Ei) n Yp\\ < 4B for all e G M and j,f G [k]. In 
constructing the sets E s , we at first cover T s by e x , x £ T s but do not attempt to balance 
the cluster sizes. Instead, whenever we have formed a set E s that would cause property 
(c') to fail, we remedy this using suitable 6-fold transferrals with b < B. To do this, write 
< = E jm I Uie W V{Ei) n F/| and d e J = | (J i6[a] V{Ei) n Y?\ - m e s /k for e G M, j G [k]. 
Suppose we have formed E s which has d e i > 2B for some e G M and j G [k]. Let W be the 
cluster containing Yf. Since each {e x } x ^r a uses the same number of vertices in each part 
Vi, i G [r], we can find another cluster W in the same part as W, which contains some Yp' 
for which d e J < 0. By (B, C)-irreducibility there is a 6-fold (W , VF)-transferral (T,T') of 



A GEOMETRIC THEORY FOR HYPERGRAPH MATCHING 



53 



size at most C, for some b < B. To implement the transferral, we include a matching in 
El whose edges correspond to the edges of T, using the same procedure as described in the 
proof of Theorem 17.111 Similarly, if dV < —2B for some e G M and j G [k], then we can 
find another cluster W' in the same part as W which contains some Yp for which d e s 3 > 0. 
We then implement a 6-fold (W, W)-transferral (T, T') of size at most C, for some b < B, 
in the same way as before. By repeating this process while there is any cts > 2B for some 
e G M and j G [k], we can construct E* which when added to E s satisfies property (c'). 
Thus we can greedily cover the exceptional set T, in such a way that for each e G M and 
j, f G [k] the number of vertices used from Yp and Yp differ by at most AB. Now we discard 
at most 4B vertices arbitrarily from each Yp to balance the cluster sizes, so that Claim [7TT31 
(ii) gives a perfect matching on the remaining sets. Combining all the matchings, we have 
covered all vertices, except for some number that is bounded by a constant independent of 
n. □ 



8. Packing Tetrahedra 

In this section we prove Theorem ll.il which determines precisely the codegree threshold 
for a perfect tetrahedron packing in a 3-graph G on n vertices, where 4 | n and n is sufficiently 
large. The theorem states that if 8 | n and 5(G) > 3n/4 — 2, or if 8 { n and 5(G) > 3n/4 — 1, 
then G contains a perfect -ftTf-packing. We start with a construction due to Pikhurko |34j 
showing that this minimum degree bound is best possible. 

Proposition 8.1. For any n divisible by 4 there exists a 3-graph G on n vertices with 

|3n/4-3 m\n 
I 3n/4 — 2 otherwise, 

which does not contain a perfect K\ -packing. 

Proof. Partition a set V of n vertices into parts V\, V 2 , V3, V4 such that \Vi\ is odd and the 
set sizes \Vj\ are as equal as possible. So \Vj\ < n/4 + 1 for every j G [4], and if 8 \ n then 
\Vj\ = n/4 for each n. Let G be the 3-graph on vertex set V whose edges are all e G (^) 
except for those e such that 

(i) | e nFi| =3, 

(ii) jen Vij = 1 and |eD Vi\ = 2 for some i G {2,3,4}, or 

(iii) \enV 2 \ = \eDV 3 \ = \e(~)V 4 \ = 1. 

To calculate 5(G), consider any pair of vertices xy. We claim that there is precisely one 
class Vi, i G [4] such that xyz is not an edge for z G Vt. For this we just check all cases: 
if x,y are in the same class then i = 1, if x € V\ and y G Vj with j 7^ 1 then i = j, and 
if x,y are in different parts among {P^, V3, V4} then Vi is the third of these parts. Thus 
6(G) = n - 2 - max{|Vi|, \V 2 \, \V 3 \, \V4\j, which has value 3n/4 - 3 if 8 | n and 3n/4 - 2 
otherwise. Furthermore, we claim that any copy X of K\ in G must have an even number 
of vertices in V\. To see this, note first that we cannot have \X PI V\\ =3, since there are no 
edges contained in V\. Now suppose that \X PI V\\ = 1. Of the remaining 3 vertices, either 
2 lie in the same part among {^2,^3,^}, or all 3 parts are represented; either way some 
triple in X is not an edge of G. Therefore \X PI V\\ is even. Since \V\\ is odd, we conclude 
that G does not contain a perfect Kf-packing. □ 
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Now we start on the proof of Theorem ll.il We will apply our results on perfect matchings 
in simplicial complexes to the clique 4-complex J^(G). Note that a perfect tetrahedron 
packing in G is the same as a perfect matching in J^G)^. In the first subsection, we consider 
the weaker assumption 5(G) > (3/4 — c)n for some absolute constant c > 0, under which 
we show that J^(G) satisfies the usual minimum degree sequence assumption, and a space 
barrier is impossible. Then Theorem 12.31 implies that G contains a tetrahedron packing that 
covers all but at most £ vertices, for some absolute constant £. Thus we demonstrate that 
the threshold for covering all but a constant number of vertices is asymptotically different 
from that for covering all vertices. 

The most difficult part of the proof is the analysis of divisibility barriers, which involve 
Turan-type problems for K\ (fortunately we can solve these ones, unlike Turan's famous 
conjecture!) If we do not have a perfect matching in J±(G)±, then having shown that space 
barriers are impossible, we conclude from Theorem 12.81 that there must be a divisibility 
barrier. Over the second and third subsections we will show that all but one of the potential 
divisibility barriers are impossible, and that the possible divisibility barrier implies a stability 
result, that G is structurally close to the construction described in Proposition 18.11 This 
sets up an application of the stability method: either G is not structurally close to the 
construction, in which case Theorem 12.81 gives a perfect matching, or G is structurally close 
to the construction, in which case we give a separate argument exploiting the structure to 
see that again we have a perfect matching. 

8.1. Packing to within a constant. As a prelude to our result on perfect tetrahedron 
packings, we prove the following result that demonstrates that there is a different threshold 
for packing to within a constant; the ingredients of its proof will also be used for the main 
result. 

Theorem 8.2. Suppose 1/n -C l/£ <C c <C 1 and G is a 3-graph on n vertices with 8(G) > 
(3/4 — c)n. Then G contains a tetrahedron packing that covers all but at most £ vertices. 

A reformulation of the desired conclusion is that there is a matching covering all but 
at most £ vertices in J4, where J = Ja(G) is the clique 4-complex. First we express the 
minimum degree sequence of J in terms of the minimum degree of G. Since J{ is complete 
for i < 2, we have 8q(J) = n, 6i(J) = n — 1 and 8i(J) = 8(G). For £3 (J), consider any 
e = xyz G J3 = G. For each of the pairs xy, xz, yz, there are at most (n — 3) — (8(G) — 1) 
vertices a £ V(G) \ {x, y, z] that do not form an edge of G with that pair. Thus xyza is a 
tetrahedron in G for at least (n — 3) — 3(n — 8(G) — 2) = 38(G) — 2n + 3 vertices a. Therefore 

(7) 8(J 4 (G)) > (n,n- 1, 8(G), 38(G) - 2n + 3). 

With our current assumption 8(G) > (3/4 — c)n, this gives 8(J) > (n,n — 1,(3/4 — 
c)n, (1/4 — 3c)n + 3), so our usual minimum degree sequence assumption is satisfied; in fact, 
the bounds on 8±(J) and ^(J) happen to be much stronger than necessary. Next, we need 
to consider space barriers, of which there are 3 possible types, corresponding to sets S of 
size n/4, n/2 or 3n/4. The first two cases are covered by the next proposition, which is a 
straightforward application of the minimum degree sequence. 

Proposition 8.3. Suppose c <C 1 and G is a 3-graph on n vertices with 8(G) > (3/4 — c)n. 
Then 

(i) for any S ^V(J) of size n/4:, the number of edges of J4 with at least 2 vertices in S 
is at least n 4 /3000, i.e. J4 is not 1/3000 -contained in J(S,l)4, and 
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(ii) for any S C V(J) of size n/2, the number of edges of J4 with at least 3 vertices in S 
is at least n /2000, i.e. J4 is not 1/2000 -contained in J(S, 2)4. 

Proof. For (i), we construct edges vyu^v^v^ with vi,V2 G S. There are n/4 choices for v%, 
n/4 — 1 choices for V2, at least (3/4 — c)n choices for V3, and at least (1/4 — 3c)n choices for 
U4. Each such edge is counted at most 24 times, so the bound follows. Similarly, for (ii) we 
construct edges V1V2V3V4 with vi,t>2,t>3 G 5". There are n/2 choices for v\, n/2 — 1 choices 
for V2, at least \S\ — (n — 5(G)) > (1/4 — c)n choices for v%, and at least (1/4 — 3c)n choices 
for v±, so again the bound follows. □ 

It remains to consider the case \S\ = 3n/4, for which we need to show that many edges 
of J4 are contained in S. This follows from known bounds on the Turan density of K\ and 
'supersaturation'. Here we only quote what suffices for our purposes, so we refer the reader 
to the survey |20| for more information. Given an r-graph F, the Turan number ex(n,F) 
is the maximum number of edges in an F-free r-graph on n vertices. The Turan density is 
7r(F) := lim n _ j . 00 (") 1 ex(n, F). We use the following result of Chung and Lu [3]. 

Theorem 8.4. vr(A'|) < (3 + vT7)/12(« 0.5936). 

We combine this with the following supersaturation result of Erdds and Simonovits |llj . 

Theorem 8.5. For any r-graph F and a > there are b, no > so that if G is an r-graph 
on n > no vertices with e(G) > (ir(F) + «)(") then G contains at least bny( F '\ copies of F. 

Given a set S C V(J) of size sn, any pair xy in S is contained in at least 5(G) — (1 — s)n 
edges of G[S]. Under the assumption 5(G) > (3/4-c)n, we get \G[S]\ > | ('f ) (s-l/4-c)n > 
(1 - l/4s - c/s)( l f). Note that if s > 5/8 then 1 - l/4s > 3/5, so 1 - l/4a - c/s > 
tt(K^) + 1/200 for small c. Then Theorems 18.41 and 18.51 imply the following result. 

Proposition 8.6. Suppose 1/n <C b, c <C 1 and G is a 3-graph on n vertices with 5(G) > 
(3/4 — c)n. T/ien /or any S C V(J) wii/i |5| > 5n/8 ; ^/ie number of edges of J4 contained 
in S is at least bn A . In particular, if \S\ = 3n/4 i/ien J4 is not b-contained in J(S, 3)4. 

Now Theorem [82] follows by applying Theorem l2.3l to the clique 4-complex J^(G). Indeed, 
the degree sequence assumption holds by (|7|), and there are no space barriers by Proposi- 
tions [83] and [876J Thus there is a matching covering all but at most I vertices in J^(G)^ as 
required. 

8.2. Properties of index vectors. Now we need some notation and simple properties of 
index vectors. Let X be a set which is partitioned into r non-empty parts X\, . . . ,X r . We 
let K(X) denote the complete /c-complex on X, where any e G ( <fc ) is an edge of K(X). 
Recall that the index vector i(e) G 27 of a set e C X has co-ordinates i(e)j = |e n 
If i(e) = i, then the possible index vectors of subsets of e are precisely those i' G 27 with 
< i' < i, where as usual < is the pointwise partial order on vectors. Also recall that if J is 
a ^-system on X, then J\ denotes the set of edges in J with index i. We define the density 
of J at i as 

di{J) ■= wki- 

Note that this notation should not be confused with that for the relative density of a complex 
used in Section [6] (which we will not use in this section). Similarly to the notation used for 
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complexes, we let J? denote the set of e G K(X)\ such that e' G J for every strict subset 
e' C e. We also recall that we write |i| = X^eH*i> anc ^ * na ^ u * denotes the standard 
basis vector with zth coordinate 1 and all other coordinates 0. Given an index vector 
i = (ii, . . . ,i r ), we write di for the multiset that contains ij copies of i — u, for each j G [r]. 
The next proposition sets out some useful properties linking the densities of different indices. 

Proposition 8.7. Let J be a k-complex on a set X partitioned as (X±, . . . ,X r ). Then 

(i) for any i, i' with i' < i we have d^(J) > d\(J), 

(ii) for any i we have Y^je[r] d i+u 3 (J)\Xj\ > 8\i\(J)ck(J) , 

(Hi) if J\ = J? for some i = (ii, . . . , i r ), then d{(J) > 1 — J2je[r] ijO- ~ ^i-uj (J)), an d 
(iv) for any i we have Ui'edi d i'( J ) ^ d-^J)^ 1 + 0{l/\X\). 

Proof. For (i), it is sufficient to consider the case when |i'| = |i| — 1. We can write i' = i — u, 
for some j G [r] such that ij > 1. The required density inequality is a variant of the Local 
LYM inequality (see e.g. [2j Theorem 3.3]). We briefly give the standard double-counting 
argument, which is as follows. Consider the pairs (e',e) with e' G J;', e £ J\ and e' C e. 
The number of such pairs is at least i/|Ji|, and at most (\Xj\ — ij + 1)| J\i\. It follows that 

\MI\J\\ > ij/{\Xj\ - ij + 1) = = I^Wi'l/I^Wil. which e ives W- 

For (ii), we consider the pairs (e, v) with e S J\ and eU{w} G J. The number of such pairs 
is at least <5|i|(J)| J{\, and at most YljeM + I ^i+u 3 1- This gives the stated inequality, using 
|Ji| =d i (J)\K(X) i \, |J i+u .| = d i+u ,(J)|X(X) i+u .|/and \X j \\K(X) i \ = (ij + l)\K(X) i+u .\. 

For (iii), choose e in K(X){ uniformly at random. For each e' C e with \e'\ = \e\ — 1, 
writing i(e') = i — Uj, the probability that e' is not an edge of J is 1 — <A_ U .(J). Thus the 
probability that every strict subset e' C e is an edge of J is at least 1— YljeM h0-~ (^))- 
Since J\ = Jj*, this event implies that e £ J, so we have the stated density. 

For (iv), we first consider the multipartite case, when each ij is or 1, and let I = {j : 
ij = 1}. We apply Shearer's Lemma (see [3j), which states that if A and T are families 
of subsets of S such that each element of S is contained in at least t elements of A, and 
T A = {A n F : F € T} for A G A, then \[ AeA \T A \ > \F\ e . Here we take S = Xj, F = J h 
and A = {X/Yjljg/, so ^ = |i| - 1. Then Ujel\ J i-"i\ ^ l^il |ihl > whi ch 

gives the result 

(even without the 0(1/|X|) term). For the general case we apply the multipartite case to 
an auxiliary fc-partite /c-complex H, whose parts X[, . . . ,XL consist of ij copies of Xj for 
j G [r], and whose edges are all fc-partite copies of each edge in Ui'<i^i' ( so 5 f° r example, 
each edge of J\ corresponds to nje[r]b' °^ ^k)- Then d\{H) = d\(J) + 0{1/\X\) and 
{^i-uj (H)}je[\i\] nas *j copies of c?i-u 3 (J) + 0(1/|X|) for j G [r], so the result follows. □ 

8.3. Divisibility barriers with two parts. For the perfect packing result, we need to 
consider divisibility barriers. We start with the case of a bipartition, for which there are two 
natural candidates for a barrier: (i) almost all tetrahedra are 'even', i.e. have an even number 
of vertices in both parts, and (ii) almost all tetrahedra are 'odd', i.e. have an odd number of 
vertices in both parts. We start by showing that these are indeed the only two possibilities. 
Note that here, and for most of the proof, we only assume the weaker degree hypothesis 
used in the previous subsection; the exact degree condition is only used in Lemma 18.101 

Lemma 8.8. Suppose 1/n /j>,c 1 and G is a 3-graph on n vertices with 5(G) > 
(3/4 — c)n. Write J = J/±(G) for the clique 4-complex of G. Suppose V is a partition ofV 
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into two parts V±, V2 of size at least n/4 — /in such that L^^J^) is incomplete. Then either (i) 
there are fewer than 3/in 4 odd tetrahedra, or (ii) there are fewer than 3 fin 4 even tetrahedra. 

Proof. Suppose for a contradiction that there are at least odd tetrahedra and at least 
3/m odd tetrahedra. Then L := ^(J^) contains at least one of (1, 3) and (3, 1), and also at 
least one of (4,0), (2,2) and (0,4). By (jTj), we have 5(J) > (n, n- 1, (3/4- c)n, (1/4- 3c)n). 
Next we apply Proposition 18.7( h) to (1, 1), which gives d( 2 ,i)(J)\ Vi\ + ^(1,2) (J) I V2 1 > (3/4 — 
c)n, and to (2,0), which gives d( 3 ^(J)\Vi\ + d( 2 ^(J)\V 2 \ > (3/4 — c)n. Summing the 
inequalities we deduce d( 2 ,i)(J) n > (3/2 — 2c)n — | V2 1 — \Vi\ = (1/2 — 2c)n. Now applying 
Proposition EZfti) to (2,1) we get d( 3 ,i)(J)|^i| + ^(2,2) (-01 V 2 \ > (1/2 - 2c) (1/4 - 3c)n, 
so L contains at least one of (3,1) and (2,2). Similarly, L contains at least one of (1,3) 
and (2,2). Now we can deduce that (—1,1) E L. Indeed, if (2,2) E L this holds since 
(-1, 1) = (1, 3) - (2, 2) = (2, 2) - (3, 1) and L contains at least one of (1, 3) and (3, 1). On 
the other hand, if (2,2) ^ L then L contains both (3,1) and (1,3). Also, L contains at 
least one of (4,0) and (0,4). Since (-1,1) = (3,1) - (4,0) = (0,4) - (1,3), again we get 
( — 1, 1) E L. However, this contradicts the assumption that L is incomplete. □ 

Next we show that it is impossible to avoid even tetrahedra. 

Lemma 8.9. Suppose 1/n <C b, c <C 1 and G is a 3-graph on n vertices with 5(G) > 
(3/4 — c)n. Then for any bipartition ofV(G), there are at least bn copies of K\ with an 
even number of vertices in both parts. 

Proof. Consider any partition (A,B) of V(G). Form a digraph D on vertex set V(D) := 
( 2 ) U (2) ' wnere there is an edge from P £ V(D) to Q E V(D) precisely if PU {q} is an edge 
of G for each q £ Q. Then there is a one-to-one correspondence between 2-cycles {PQ, QP} 
in D and copies of K\ in G with an even number of vertices in A. We write \A\ = an, 
where without loss of generality we have < a < 1/2. We can also assume that a > 3/8, 
as otherwise |U| > 5n/8, so the desired conclusion follows from Proposition 18.61 Then by 
convexity, 



Also, for any P E V(D), we can write d£(P) = ( dA ' 2 P) ) + { dA< 2 B) ) > where d x (P) is the number 
of vertices x E X such that P U {x} E G, for X E {A, B}. Since d A (P) + d B (P) = 6(G) > 
(3/4 — c)n, by convexity 



So the number of 2-cycles in D is at least (9\V(D)\/17 - cn 2 )\V(D)\ - ( |y( 2 D)l ) > bn 4 , as 



Now we consider odd tetrahedra. Note that the construction in Proposition 18.11 gives a 
3-graph G on n vertices partitioned into two parts V\ and V2 U V3 U V4, so that \V\\ is an odd 
number close to n/4, and all tetrahedra are even with respect to the bipartition. The next 
lemma shows that the minimum degree condition of Theorem 11.11 is sufficient to prevent any 
such partition in G; this is the only part of the proof of Theorem II .11 for which the minimum 
degree bound is tight. 





required. 



□ 
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Lemma 8.10. Suppose G is a 3-graph on n vertices with 4 | n and 5(G) > 3n/4 — 1. Let 
(A, B) be a partition of V(G) with 3n/16 < \A\ < 5n/16. Then G contains a copy of Kf 
with an odd number of vertices in both parts. 

Proof. Consider such a partition (A,B), and suppose for a contradiction that there is no 
odd tetrahedron. By (J7|), for any edge e 6 G, the number of vertices v such that e U {w} 
induces a copy of iTf is at least 35(G) — 2n + 3 > n/4. If e has an odd number of vertices 
in A, then each such vertex v must also lie in A. Consider any u £ A and v £ B. Since 
5(G) > n — \B\ we may choose v' E B such that e = uW is an edge of G. Then e has an 
odd number of vertices in A, so there must be at least n/4 vertices u' £ A such that e U {u'} 
induces a copy of iff. Each such u' is distinct from u, so we must have \A\ > n/4 + 1. 

Now consider any distinct x,y £ B. There are at least 5(G) > 3n/4 — 1 vertices z £ V(G) 
such that xyz £ G. At most \B\ — 2 < 3n/4 — 3 of these lie in B, so we may choose some 
such z £ A. Then e' = xyz has an odd number of vertices in A, so again there must be at 
least n/4 vertices w £ A such that e' U {w} induces a copy of K\ in G. But x and y were 
arbitrary, so we deduce that for any x,y £ B, there are at most \A\ — n/4 < n/16 vertices 
z £ A for which xyz is not an edge of G. Since \A\ > 3n/16, for any edge x'y'z' in G[B], 
there is some v! £ A such that u'x'y'z' induces a copy of K\ in G, which contradicts the 
assumption that there is no odd tetrahedron. □ 

The previous lemma will be useful when considering the extremal case, but a single odd 
tetrahedron does not suffice to rule out a divisibility barrier. To find many odd tetrahedra 
we need a result relating the triangle density to the edge density in any graph. Given a 
graph G on n vertices, the edge density of G is d(G) = 6(G)(2) » anc ^ ^ ne triangle density 
is A(G) = N$ (G)(3) , where N^(G) is the number of triangles in G. In the following 
theorem, the first part follows from a result of Goodman [H], and the second from a result 
of Lovasz and Simonovits [28 \ Theorem 2]. (Razborov [35 j proved an asymptotically tight 
general result.) 

Theorem 8.11. Suppose G is a graph on n vertices. Then 

(i) A(G) > d(G)(2d(G) - 1), and 

(ii) if l/n < e < e' « 1, d(G) = 2/3 ± e and A(G) = 2/9 ± e, then we may partition 
V(G) into sets V±, V2, V3 each of size at least n/3 — e'n so that d(G[Vi]) < e' for each 
i€[3]. 

Now we can prove the following result, which states that, even under the weaker degree 
assumption 5(G) > (3/4 — c)n, either there is no divisibility barrier for odd tetrahedra, or 
G is close to the extremal example. Let V partition a set V into parts V%, V2, V3, V4. We 
say that an index vector i with respect to V is bad if it is not used by edges of the extremal 
example, i.e. i is one of (3,0,0,0), (1,2,0,0), (1,0,2,0), (1,0,0,2) or (0, 1, 1, 1); otherwise i 
is good. 

Lemma 8.12. Let l/n < 6,c < 7 < 1 and G be a 3-graph on n vertices with 5(G) > 
(3/4 — c)n. Suppose that there is some partition ofV(G) into parts U\ and U2 each of size 
at least n/A — bn such that at most bn 4 ^ copies of K\ in G are 'odd', i.e. have an odd number 
of vertices in each part. Then there is a partition ofV(G) into parts V±, V2, V3, V4 each of 
size at least n/4 — 771, such that V\ is equal to one ofU\ or U2, and d\(G) > 1 — 7 for each 
good i. 



A GEOMETRIC THEORY FOR HYPERGRAPH MATCHING 



59 



Proof. Introduce new constants with 5, c < a 7. Let J = J±(G) be the clique 

4-complex of G. By flTJ), we have 8 (J) > (n,n— 1, (3/4 - c)n, (1/4 - 3c)n). Write 

r := d (m (J) = d(Gp/i]), r' := d m (J) = d(G[U 2 }) 

P ■= d( 2 ,i)(J) ~ a, /?' := d( lj2 )(J) -a. 

Let Z be the set of vertices that lie in more than -\/bn 3 odd tetrahedra. Then \ Z\ < Aybn. Let 
U[ = {veU 1 : d(G(v)[U 2 ])) > p'}. Then p' + a = d (1 , 2) (J) = l^- 1 d(G(u)[C/ 2 ]) < 

I^THl^r! + l^i \ u i\p'), so l^i I > "l^i I- Thus we can choose v € U[ \ Z. We claim that 
G(v)[U2] must have triangle density at most l — r' + at. Otherwise, we would have at least 
q('^ 2 ') > \fbr? triples in U2 that are both triangles in G(v)[U 2 ] and edges of GfL^]- But 
these triples form odd tetrahedra with v, which contradicts v ^ Z. So G(v)[U2] has triangle 
density at most l — r' + a, and, since v G U[, edge density at least p'. Now Theorem 18. 11 ( i) 
gives 

(8) p'(2p' - 1) + r' - a < 1. 

The same argument with the roles of U\ and U2 switched shows that 

(9) p(2p-l) + r-a<l. 
Next, write a = \U\\/n, where without loss of generality 

(10) 1/4-6 <o< 1/2. 

Since d\{J) = 1 for any i with i = 2, by Proposition I8.7f ii) applied to each such i we have 

(11) ro + (p + a)(l - a) > 3/4- c, 

(12) T / (l-a) + (p' + a)a>3/4-c, 

(13) (p + a)a + (// + a)(l-a)>3/4-& 
We claim that inequalities (f8|)- (|13p imply the estimates 

(14) a = l/4±/3, r</3, p > 1 - 0, p' = 2/3±/3, r' = 7/9 ± /3. 

The proof of this claim requires some calculations, which are tiresome, but not difficult. We 
first consider inequality (jlip . The left hand side is linear in a, so its maximum is attained 
at (at least) one of the extreme values a = 1/2 and a = 1/4 — 6. Thus we either have (A) 
3/4-c < r/2 + (p + a)/2 or (B) 3/4-c< (1/4 - 6)r + (p + a)(3/4 + 6). We will show that 
the first case (A) leads to a contradiction. For it implies 

1 - 2c = 2(3/4 -c)-l/2<T + p + a- l/2 = r + p(2p - 1) - (2p - l) 2 /2 + a 

< 1 - (2^-1)2/2 + 20 

by ©, so (2p - l) 2 < 5a. Then p = l/2± \/5a, so CP gives 

3/4 - c < a + (1/2 + V6a)(l - a) = 1/2 + V6a + (1/2 - V6a)a, 

so a > 1/2 — 9-y/a. Since a < 1/2, we can write a = l/2±9i/a, and apply the same reasoning 
to inequality This gives 3/4 - c < (r' + p' + a) (1/2 + 9^/a), so 

1 - 2c < (r' + p' + a)(l + 18-v/a) - 1/2 < r' + p'(2p' - 1) - (2p' - l) 2 /2 + 38^ 

< 1 - (2p' - l) 2 /2 + 39^, 
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by jH). Then (2p' - l) 2 < 80^a, so p' = 1/2 ± 10a 1 / 4 . But now substituting a,p,p' in (TT3|) 
gives a contradiction. Thus case (A) is impossible, so we must have case (B). This implies 

1 _ 4c = 4(3/4 -c)-2<r + 3p + 4a-2 = r + p(2p - 1) - 2(p - l) 2 + 4a 
< 1 - 2(p - l) 2 + 5a 

by ©. Then (p - l) 2 < 3a, so p > 1 - \/3a. Then © gives 

t < 1 + a - (1 - v / 3a)(l - 2\/3a) < 6ya- 

Now (HU) gives 3/4 - c < Q^/a + (1 + a)(l - a), so 

a < 1/4 + 7Va. 

Then (USD gives 3/4 - c < (1 + a)(l/4 + 7^a) + (p' + a)(3/4 + b), so 

p'>2/3- VQy/a. 

Now ([8]) implies 

t' < 1 + a - (2/3 - 10Va)(l/3 - 20^) < 7/9 + 20Va. 
Next, since r' < 1 + a — p'(2p' — 1) by ([8|), substituting in (fT2|) gives 

3/4 - c < (1 + a - p'(2p' - l))(3/4 + 6) + (// + a)(l/4 + 7y/a) 
< 3/4 - Z -p\p> - 2/3) + 8^, 

so p' < 2/3 + 9-v/a. Finally, substituting this in (fT2|) gives 

3/4 - c < r'(3/4 + 6) + (2/3 + 10^)(l/4 + 7ya), 

so t' > 7/9 — 10y/a. Thus we have verified all the estimates in (|14p . 

Applying (fT4"|) to the vertex v £ U[\Z chosen above, we see that the graph G{v)\U2\ has 
edge density at least 2/3-/3 and triangle density at most 2/9 + 2/3. So by Theorem 18.1 If ii) 
we may partition U 2 into sets V 2 , V3 and V4 each of size at least ra/4 — 771 such that for each 
i £ {2,3,4} we have d(G(v)[Vi\) < f3'. By Theorem ETlTi) » the triangle density of G(v)[U 2 ] 
is at least p'(2p' - 1) > 2/9 - 2/3. Since (i(G[LT 2 ]) = r' > 7/9 - /3, we see that all but at most 
4/3( |c ^) tripl es in U 2 either form triangles in G(v)[U 2 ] or edges in G[U 2 ]; otherwise, we would 

have at least /3('^ 2 ') > Vbn 3 odd tetrahedra containing v, contradicting v ^ Z. Now write 
V\ := C/i and consider index vectors with respect to the partition (Vi, V 2 , V3, V4). Then for 
each i G {2,3,4}, since d(G(v)[Vi\) < /3' we have d 3lli (J) = d(G[Vj]) > 1 - 7. Also, since all 
but at most /3'n 3 triples of index (0, 1, 1, 1) are triangles of G(v) we have d(o,i,i,i) (J) < 100/3'. 
Applying Proposition I8.7( ii) to i = (2,0,0,0) we have 

d m o,o)(J)\Vi\ + d (2Am (J)\V 2 \ +d mm (J)\V 3 \ + d (2fiM (J)\V 4 \ > (3/4 - c)n. 

Since d( 3 ,o,o,o) ( J ) = d (G[Vi]) = r < /3 and \V X \ = (l/4±/3)n, each of d( 2 ,i,o,o)(A ^(2,0,1,0) (A 
^(2,0,0,1) (<^) must be at least 1 — 7. Similarly, since d(o,i 1 i)(J r ) < 100/3', applying Proposi- 
tion EZ^ii) to each of (0, 1, 1,0), (0, 1,0, 1) and (0,0, 1,1) we see that di{J) > 1 - 7 for all 
remaining good index vectors. □ 
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8.4. Divisibility barriers with more parts. In this subsection we show that, if there 
are no divisibility barriers with two parts, then there are no divisibility barriers with more 
than two parts. We consider separately the cases of three parts and four parts (there cannot 
be more because of the minimum size of the parts). We will repeatedly use the following 
observation, which is immediate from Proposition I8.7( ii). 

Proposition 8.13. Let p <C d and V partition a set X of n vertices into r parts. Suppose 
J is a k-complex on X with d\(J) > d and 5\u(J) > dn for some index vector i G 17 . Then 
there is some j E [r] such that i + Uj £ Lp(J|;| +1 ), i.e. there are at least /xn' 1 '" 1 " 1 edges in J 
with index vector i + Uj . 

We start by considering divisibility barriers with three parts. Recall that a lattice L C IT 1 
is minimal if it does not contain any difference Uj — uj of distinct unit vectors Uj , Uj . 

Lemma 8.14. Let 1/n <C c <C <C 1, and G be a 3-graph on n vertices with 5(G) > 
(3/4 — c)n. Write J = Jn(G) for the clique A-complex of G. Then there is no partition V 
ofV(G) into three parts of size at least n/A—pn such that L^i^J^) is minimal and incomplete. 

Proof. Introduce constants a, (3,f3' with p<g.a<^.f3<^./3'<^.l. We need the following 
claim. 

Claim 8.15. Suppose (U\,U2) is a partition ofV with \U\\ = an and 1/4 — a <a< 1/2 + a. 
Then at least one of the following holds: 

(i) there are at least pn 4 tetrahedra with 3 vertices in U\, 

(ii) a = 1/4 ± (3 and d (2)1) (J) > 1 - P' , 
(Hi) a = 1/2 ±0 and d (1 ' 2) (J) > 1 - /?'. 

To prove the claim, suppose option (i) does not hold, i.e. there are at most pn 4 tetrahedra 
with 3 vertices in XJ\ . We repeat the first part of the proof of Lemma 18.121 with p in place 
of b. Define r, r',p, p' as in that proof. Then there is a vertex v S C/ 2 with d(G(v)[Ui]) > p 
that belongs to at most ^/pn 3 odd tetrahedra (interchanging the roles of U\ and f7 2 from 
before). It follows that G(v)[Ui] has triangle density at most 1 — r + a, so © holds. Also 
(flU and CC| hold as before. 

First we show that 1/4 + /3 < a < 1/2 — (3 leads to a contradiction. Since (jlip is 
linear in a, we either have (A) 3/4 - c < (1/4 + /3)r + (3/4 - f3)(p + a) or (B) 3/4 - c < 
(1/2 - P)t + (1/2 + (3)(p + a). Consider case (A). It implies 1 - 4c = 4(3/4 - c) - 2 < 
r + 3/) - 2 - 4f3(p - t - a/ 13) - a = r - a + p(2p - 1) - 2(p - l) 2 - 4(3(p - r - a//3) < 
l-2(p-l) 2 -4P(p-T-a//3), so 2(p- l) 2 < 4c- 4(3(p - r - a/ f3). However, this implies 
p > 1 - 2V75, so t < lOv 7 /? by ©, which contradicts 4c - Aj3(p - r - a//3) > 0. Now 
consider case (B). It implies 1 - 2c = 2(3/4 - c) - 1/2 < r + p - 1/2 - 2/3 (r - p - a//3) = 
t + p(2p - 1) - (2p - l) 2 /2 - 2/3(t - p - a/ 13) < 1 + a - (2p - l) 2 /2 - 20 (t -p- a/f3), so 
(2p-l) 2 + 4f3(r - p-a/f3) < 4c + 2a. Then p = 1/2 ±3^/5 and (3(t - p- a//3) < c + a/2. 
Now (TJID gives 3/4 - c < r(l/2 - (3) + (1/2 + 3y^ + a)(3/4 - (3), so r > 3/4. But now 
/3/5 < (3{t — p — a/f3) < c + a/2, which is a contradiction. 

Next suppose that a = 1/4 ±/3. By (HI]) we have 3/4- c < (1/4 + (3)t + (3/4 + f3)(p + a). 
Similarly to case (A) we have l-4c = 4(3/4- c) -2 < r + 3p-2 + 9/3 < l-2(p- l) 2 + a + 9/3, 
so d( 2]1 )(J) = p > 1 — /?', which is option (ii). Finally, suppose that a = 1/2 ± /3. By 
(fTT]) we have 3/4 - c < (1/2 + (3)(t + p + a). Similarly to case (B) we have 1 - 2c = 
2(3/4 -c) -1/2 < T + p- 1/2 + 5/3 < 1 + a - (2p - l) 2 /2 + 5(3, so p = l/2±2s/p. Now ((HD 
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gives 3/4 — c < (1/2 + (3)(p + a + p' + a), so d(i |2 )(^) = p' > 1 — P', which is option (iii). 
This proves Claim [H1151 

Returning to the proof of the lemma, suppose for a contradiction we have a partition V 
of V into parts Vi, V2, V3 of size at least n/4—pn such that J4) is minimal and incomplete. 
Without loss of generality \Vi\ > n/3. Also, since each of Vi, V2, V3 has size at least n/4 — /in, 
each has size at most n/2 + 2/xn. Now recall that <5( J) > (n,n — 1, (3/4 — c)n, (1/4 — 3c)n) 
by ([7|). Since J 2 is complete, for any i with |i| = 2, Proposition I8.7f ii) gives (3/4 — c)n < 
E i6 [3] rfi+u,U)|^-| < d, +ul (J)|Vi| + n - This gives (1/4 + c)n > (1 - d i+Ul ( J))|F a | > 
(1 — di +Ul (J))n/3, so (ii +Ul (J) > 1/5. Thus di(J) > 1/5 for every i = (11,12,^3) with |i| = 3 
and i\ > 1. For each such i, Proposition 18.131 gives some j G [3] with i + Uj G I := L^(J^). 
In particular, there is some j G [3] such that (1, 1, 1) + u, G L. Without loss of generality 
j = 1 or j = 2, as if j = 3 we can rename V2 and V3 to get j = 2. 

Suppose first that j = 1, i.e. (2,1,1) G L. We apply Claim [87151 to the partition with 
U\ = V\ and C/2 = V2 U V3. Option (i) cannot hold, as then either (3, 1, 0) G L, so (3, 1, 0) — 
(2,1,1) = (1,0,-1) G L, or (3,0,1) G L, so (3,0,1) - (2,1,1) = (1,-1,0) G L, which 
contradicts minimality of L. Also, option (ii) cannot hold, since \V\\ > n/3. Thus option 
(iii) holds, i.e. \Ui\ = an with a = 1/2 ±/3 and d^ 2 )(J) > 1 — /3' with respect to (Ui,U 2 )- It 
follows that d\{J) > 1 — 10/3' with respect to V for any i = (ii, 12,^3) with i\ = 1, « 2 + *3 = 2 
and 22,^3 > 0. Now Proposition I8.7f ii) applied to (0, 1, 1) gives (3/4 — c)n < (1/2 + j3)n + 
(d( ,2,i)(^) + ^(0,1,2) (J)) (1/4 + 2/3)n, so without loss of generality c?(o,2,i)(-0 > 1/3- Since 
J = J/±{G) is a clique complex, we have J r (i ) 2,i) = J(% 2 1)1 so we can a PPly Proposition 18 . 7f iii) 
togetd (w) (J) > l-30/3'-2/3> 1/4. Thus (1,2,1) G L, so (1, 2, l)-(2, 1, 1) = (-1,1,0) G 
L, contradicting minimality. 

Now suppose that j = 2, i.e. (1,2,1) G L. We apply Claim [8.151 to the partition with 
U\ = V2 and U2 = V\ U V3. As in the case j = 1, option (i) cannot hold by minimality 
of L. Also, option (iii) cannot hold, since \V\\ > n/3 and | V3 1 > n/4 — un. Thus option 
(ii) holds, i.e. \U2\ = an with a = 1/4 ± /3 and d( 2j i)(J) > 1 — /3' with respect to (?7i,f7 2 ). 
It follows that d(i,2,o)(^) an d d(o,2,i)(^) are both at least 1 — 10/3' (say) with respect to 
V . Next note that (2,2,0) ^ L and (2,1,1) ^ L by minimality of L. Thus d(2,2,o)(<-0 
and d(2,i,i)(<^) are both at most 500/i (say). Applying Proposition I8.7f ii) to (2,1,0) gives 
(1/4 - 3c)n < d (3)1)0) (J)|Vi| + 1000un, so d^ 1Q) (J) > 1/3 (say). Then Proposition EZfi) 
gives rf(2,i,o)(^) — 1/3- Now choose e = xx'yy 1 in if(V) (2,2,0) uniformly at random, with 
x,x' G V\ and G V 2 . Given xx', let /OasE'l^l be the number of v 2 G V2 such that 
xx'ti2 G G. Then E xa; //9 XX / = d( 2 ,i,o)(J) > 1/3- So the probability that xx'y and xx'y' 
are both edges is at least M X x'Pxx' {Pxx 1 ~ 5/n) > 1/10, by Cauchy-Schwartz. Also, each of 
xyy' and x'yy' is an edge with probability at least dn } 2,o)(J) > 1 — 10/3'. Since J = Ja(G) 
is a clique complex, we deduce d(2,2,o)(-0 = £ ^(2,2,0)) > 1/11- But this contradicts 
(2,2,0) iL. 

In either case we obtain a contradiction to the existence of the divisibility barrier V . □ 

Now we consider divisibility barriers with four parts. 

Lemma 8.16. Let 1/n <C c <C <C 1, and G be a 3-graph on n vertices with 5(G) > 
(3/4 — c)n. Write J = Ja(G) for the clique 4-complex of G. Then there is no partition V of 
V(G) into four parts of size at least n/4 — pn such that ^(J^) is minimal and incomplete. 
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Proof. We introduce constants //,/3,/3' with fj, <C fjf *C f3 *C f3' <C 1. Suppose for a 
contradiction we have a partition V of V into parts Vi, V2, V3, V4 of size at least n/ '4 — fin 
such that L = Lp(J^) is incomplete and minimal. Note that all parts have size at most 
n/4 + 3un. Recall that 5 (J) > (n,n - 1, (3/4 - c)n, (1/4 - 3c) n) by ©. Now we need the 
following claim. 

Claim 8.17. 

(i) IfieZ 4 with |i| = 4 and ck(J) > (3 then d^J) > 1 - [3. 

(ii) Ifi £ Z 4 with jij = 3 and d^J) > 2/3 then di(J) > 1 - p. 

To prove the claim, first consider any i G Z 4 with |i| = 4 and d\{J) > /3. Note that i £ L. 
By Proposition I8.7( iv) there is some i' = i — Uj £ <9i such that d\i{J) > di(J) 3 / 4 + 0(l/n). 
Let £? be the set of edges e' £ Jy that lie in at least fi'n edges e G J4 with i(e) 7^ i. Then 
there is some j' 7^ j for which the number of edges with index vector i — u j + Uf/ is at least 
|S|^'n/12. This must be less than fin 4 , otherwise we have i — Uj + Uj> £ L, so Uj — u,/ £ L, 
contradicting minimality. It follows that di>(B) < u' (say), so aY(J \ B) > <i;(J) 3//4 — 2n'. 
Next we show that if e 1 £ J \ B then e' U {x} £ J\ for all but 2fi'n vertices x £ Vj. This 
holds because there are at least 6s(J) > (1/4 — 3c) n vertices x such that e' U {x} £ J4, all 
but at most fi'n of these lie in Vj (as e' (ft B), and all parts have size at most n/4 + 3un. It 
follows that di(J) > (1 - 10//)di/(J \ -B) > (1 - 10//)(di( ^) 3/4 - V)- Since ^(J) > this 
implies di(J) > 1 — /3, so we have proved (i). For (ii), observe that by Proposition I8.7f ii) 
there must be some i' such that |i'| = 4, i < i' and d\/(J) > (3/4 — c)2/3 > /3. Then by (i) we 
have d\{J) > 1 — /3, so by Proposition 18. 7( i) we have oY(J) > d\(J) > 1 — /3. This completes 
the proof of Claim 18.171 

Returning to the proof of the lemma, we show next that di(J) < 2/3 whenever i is a 
permutation of (3, 0, 0, 0). For suppose this fails, say for i = (3, 0, 0, 0). Then Claim [BTTTl gives 
d(3fi,o,0)(J) > 1 - P- Now Proposition ED^ni) gives d(4,o,o,o) ( J ) > 1 — 4/3, so (4,0,0,0) £ L. 
Next,' Proposition ET^ii) for i' = (2,0,0,0) gives (3/4 - cjn < (n/4 + 3un) Ej 6 [4] d i'+Uj( J )i 
so without loss of generality d(2, 1,0,0) (^) > 2/3. Then Claim [5371 gives d(2,i,o,o) (<-D > 1 — /3- 
Now Proposition EZfiii) gives ^(3,1,0,0) (J) > 1 — 4/3, so (3,1,0,0) £ L. But then (4,0,0,0) - 
(3,1,0,0) = (1,-1,0,0) £ L contradicts minimality. Thus d\{J) < 2/3 whenever i is a 
permutation of (3,0,0,0). 

Now returning to the above inequality (3/4 — c)n < (n/4 + 3un) X^e[41 di'+ Uj (J), where i' 
is any permutation of (2, 0, 0, 0), we see that for any i" which is a permutation of (2, 1, 0, 0) 
we have d\"{J) > 2/3, and therefore d\n{J) > (1 — /3) by Claim 18.171 Also, applying 
Proposition 18.7( h) to (1,1,0,0), we see that without loss of generality dni^o)^) ^ 2/3. 
Then Claim I8TT71 gives rf(i,i,i,o)(<^) > 1 — /3- Now each of d(2,2,o,o) (-0 an d ^(2,1,1,0) (J) is a * 
least 1 - 4/3 by Proposition ET^hi) . It follows that L contains (2,2,0,0), (2,1,1,0) and 
(2, 2, 0, 0) — (2, 1, 1, 0) = (0, 1, —1, 0), contradicting minimality. Thus there is no such parti- 
tion V. □ 

8.5. The main case of Theorem 11.11 As outlined earlier, Theorem 12.81 will imply the 
desired result, except for 3-graphs that are close to the extremal configuration. We start 
with a lemma that handles such 3-graphs. The proof requires a bound on the minimum 
vertex degree that guarantees a perfect matching in a 4-graph. We just quote the following 
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(slight weakening of a) result of Daykin and Haggkvist [8] that suffices for our purposes. 
(The tight bound was recently obtained by Khan |23j.) 

Theorem 8.18. Let H be a A-graph on n vertices, where A | n, such that every vertex belongs 
to at least | (!J) edges. Then H contains a perfect matching. 

The following lemma will be used for 3-graphs that are close to the extremal configuration. 
Note that we will be able to satisfy the condition that | Vi | is even by applying Lemma 18.101 

Lemma 8.19. Suppose that 1/n <C 7 <C c < 1. Let V be a set of An vertices partitioned 
into V\, V2, V3, V4 each of size at least n — 772. Suppose J is a A-complex on V such that 

(i) d(J 4 [Vj]) > 1 - 7 for each j G {2, 3, 4}, 

(ii) for each i G (2, 1, 1, 0), (2, 1, 0, 1), (2, 0, 1, 1) we have (k(J) > 1 - 7, 

(Hi) for every vertex v G V at least en 4 edges of J4 contain v and have an even number of 

vertices in V\, and 
(iv) \V\\ is even. 

Then J4 contains a perfect matching. 

Proof. We say that an edge of J4 is even if it has an even number of vertices in V\, and 
odd otherwise. For each j G {2,3,4}, we say that a vertex v G Vj is good if there are at 
least (1 — 2^/7) Q) edges of ^[V}] which contain v. By (i) at most vertices of each of 
V2, V3 and V4 are bad; here we note that each part has size at most n + 3771. We say that 
a pair u, v G V\ is good if for each i G {(2,0, 1, 1), (2, 1,0, 1), (2, 1, 1,0)} there are at least 
(1 — 2 % /7~)n 2 edges e G J4 with u,v G e and i(e) = i. For each such i, by (ii) at most ^7(2) 
pairs u, v G V\ do not have this property, and so at most 3^/7(2) pairs u, v G V\ are bad. 
We say that a vertex u G V\ is good if it lies in at least (1 — 27 1 / 4 )n good pairs u, v G V\. 
Then at most 37 1//4 n vertices of V\ are bad. In total, the number of bad vertices is at most 
7 1//5 n, say. 

Now let E be a maximal matching in J such that every edge in E has an even number 
of vertices in V\ and contains a bad vertex. We claim that E covers all bad vertices. For 
suppose some bad vertex v is not covered by E. Since each edge in E contains a bad 
vertex, at most 47 1 / 5 ra vertices are covered by E, so at most 47 1 / 5 n 4 edges of J4 contain a 
vertex covered by E. Then by (iii) we may choose an edge e G J4 which contains v, has an 
even number of vertices in V\ and doesn't contain any vertex covered by E, contradicting 
maximality of E. So E must cover every bad vertex of J. We will include E in our final 
matching and so we delete the vertices it covers. We also delete the vertices covered by 
another matching E' of at most 16 edges, disjoint from E, so as to leave parts V{, V^', V3, 
V4 such that 8 divides \ V{\ and 4 divides each of | | , |V^|, \V(\. The edges in E' will have 
index (2, 1, 1, 0), (2, 1, 0, 1) or (2, 0, 1, 1). Note that by (ii) we can greedily choose a matching 
disjoint from E containing 16 edges of each of these indices, so we only need to decide how 
many of these we want to include in E'. First we arrange that there are an even number of 
remaining vertices in each part. Note that |V| and |Vi| are even, and the number of vertices 
remaining in V\ is still even, as we only used edges with an even number of vertices in Vi. 
Then an even number of parts have an odd number of vertices remaining (after the deletion 
of E). If there are two such parts, say V% and V4, then we remedy this by including an edge 
of index (2, 1, 0, 1) in E', so we can assume there are no such parts. Now there are an even 
number of parts in which the number of vertices remaining is not divisible by 4. If V\ is one 
of these parts we include an edge of each index (2, 1, 1, 0), (2, 1, 0, 1), (2, 0, 1, 1) in E'; then 
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each part has an even number of remaining vertices and the number in V\ is divisible by 4. 
There may still be two parts where the number of vertices remaining is not divisible by 4. 
If so, say they are V3 and V4, we include 2 edges of index (2, 0, 1, 1) in E' . Thus we arrange 
that the number of vertices remaining in each part is divisible by 4. Finally, if the number 
of remaining vertices in V\ is not divisible by 8 then we include 2 more edges of each index 
in E' . Thus we obtain E' with the desired properties. We delete the vertices of E U E' and 
let V[, V2, V3, V4 denote the remaining parts. 

Next we choose a perfect matching M\ of good pairs in V[. This is possible because \ V{\ 
is even, and any vertex in V[ is good, in that it was incident to at least (1 — 2^ l / A )n good 
pairs in V\, so is still incident to at least n/2 good pairs in V{. Now we greedily construct 
a matching in J4, by considering each pair in Mi in turn and choosing an edge of index 
(2, 1, 1,0) containing that pair. There are at most n/2 pairs in M 1; so when we consider any 
pair uv in M±, at least n/3 vertices in each of V% and V3 are still available, in that they have 
not already been selected when we considered some previous pair in M\. Since uv is good, 
at most S-yJ^n 2 < (n/3) 2 of these pairs do not form an edge with uv, so we can form an edge 
as required. Thus we construct a matching E" that covers V[. We delete the vertices of E" 
and let K>", V3", V£ denote the remaining parts. Note that the number of vertices used by E" 
in each of V 2 and V% is |^'|/2, which is divisible by 4. Since 4 divides each of |V^|, |V^'|, 
it also divides each of (V^'l, \Vs\, \Vl'\. Furthermore, for any j G {2,3,4} and x G Vj, since 

x is good, the number of edges of Ja\V-'} containing x is at least ( 1 J ) — 3^/7(3) > | ( | 
so J^VJ'] contains a perfect matching by Theorem 18.181 Combining these matchings with 
E, E' and E" we obtain a perfect matching in J4. □ 

We can now give the proof of Theorem 11.11 Suppose that G is a 3-graph on n vertices, 
where n is sufficiently large and divisible by 4. For now we assume 5(G) > 3n/4 — 1, 
postponing the case that 8 | n and 5(G) = 3n/4 — 2 to the final subsection. We introduce 
constants a, f3 with 1/n <C a <C (3 <C 1. We will show that G has a perfect tetrahedron 
packing; equivalently, that J4 has a perfect matching, where J = J&(G) is the clique 4- 
complex of G. By ([7]) we have 5(J) > (n,n — l,3n/4 — 2,n/4 — 3), so we can apply 
Theorem 12.81 Supposing that J4 does not contain a perfect matching, we conclude that 
there is a space barrier or a divisibility barrier. As in the proof of Theorem 18 . 2 1 there are no 
space barriers by Propositions 18.31 and 18.61 so we may choose a minimal divisibility barrier, 
i.e. a partition Q of V(G) into parts of size at most n/4 — un such that Lq(J^) is minimal 
and incomplete. We have excluded all but one possibility for Q. Indeed, Q cannot have 
more than two parts by Lemmas 18.141 and 18.161 so must have two parts. By Lemmas 18.81 
and 18.91 we deduce that Q partitions V(G) into parts U and V of size at least n/4 — an 
such that at most an 4 edges of J4 have an odd number of vertices in each part. 

By Lemma f8. 121 there is a partition V of V(G) into parts V\, V2, V3 and V4 each of size at 
least n/4 — /3n, so that V\ = U (without loss of generality) and d{(G) > 1 — (3 for each good 
i (recall that good index vectors are those that appear in the extremal example). To apply 
Lemma 18. 191 we also need to arrange that \Vi \ is even, and that every vertex is in many even 
edges of J4, where we say that an edge of J4 is odd or even according to the parity of its 
intersection with V\. We say that a vertex is good if it lies in fewer than n 3 /400 odd edges 
of J4 (and bad otherwise). Then at most 1600an vertices are bad, since J4 has at most an 
odd edges. We let V{ consist of all good vertices in V\ and all bad vertices in V2 U V3U V4, let 
V 2 ' consist of all good vertices in V% and all bad vertices in Vi, and let V3' and V[ consist of 
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all good vertices in V3 and V4 respectively. Note that any vertex that has a different index 
with respect to the partition V' of V(G) into the V- than with respect to V is bad, so we 
have \Vl\ = n/4 ± 2/3n. So by Lemma 18.101 there exists a copy of K\ in G (i.e. an edge of 
J4) with an odd number of vertices in V{. If \V{\ is odd, we choose one such edge of J4, and 
delete the vertices of this edge from V{, V3, V4, and J. Thus we can arrange that \V{\ is 
even. 

Having changed the index of at most 1600an vertices of J and deleted at most four 
vertices, we have \V^\ > n/4 — 2/3n for each i £ [4], and di(G) > 1 — 2/3 for each good i with 
respect to the partition into V{, V 2 ', V%, V'^. It remains to show that any undeleted vertex 
v belongs to many edges with an even number of vertices in V{. To avoid confusion, we 
now use the terms X-odd and X-even, where X is V\ or V{, to describe edges according to 
the parity of their intersection with X. First suppose that v is good. Then any edge of J4 
containing v that is V^'-odd but not Vi-odd must contain a bad vertex, so there are at most 
1600an 3 such edges. Since v belongs to at most n 3 /400 V^-odd edges of J4, it belongs to at 
most n 3 /400 + 1600an 3 V^'-odd edges of J4. Also, v belongs to at least n 3 /200 edges of J4, 
by the lower bound on 5 (J), so v belongs to at least n 3 /500 V/-even edges. Now suppose 
that v is bad. Then any T^-odd edge of J4 containing v and no other bad or deleted vertices 
is V/-even. The number of such edges is at least n 3 /400 — 1600an 3 — 4n 2 > n 3 /500. This 
shows that every vertex is contained in at least n 3 /500 V/-even edges of J4. 

Finally, Lemma 18.191 implies that J4 has a perfect matching. 



8.6. The case when 8 divides n. It remains to consider the case when 8 | n and 5(G) = 
3n/4 — 2. We apply the same proof as in the previous case, noting that we only needed 
5(G) > 3n/4 — 1 if \V{\ was odd, when we used it to find a V^'-odd tetrahedron. Examining 
the proof of Proposition 18. 101 we see that a T^'-odd tetrahedron exists under the assumption 
5(G) = 3n/4 — 2, unless we have n/4 — 2 < \V[\ < n/4. Furthermore, we only need a 
V^'-odd tetrahedron when \V{\ is odd, so we only need to consider the exceptional case that 
\V{\ = n/4 — 1 and there is no V^-odd tetrahedron. 

Let c\ satisfy /9 <C c\ <C 1. Recall that d\(G) > 1 — 2/3 for all good i. Note that for 
each bad triple e there is a part V- such that for every x G V- \ e, e U {x] is V^-odd, and 
every triple in e U {x} apart from e is good. (We describe triples as good or bad according 
to their index vectors.) If e is an edge, then some such triple is not an edge. Since there 
is no V^'-odd tetrahedron, there are at most /3n 3 bad edges by Proposition I8.7( iii). For any 
2/n < c < 1/4, we say that a pair is c-bad if it is contained in at most (3/4 — 2c)n good 
edges. Since 5(G) = 3n/4 — 2, any c-bad pair is contained in at least cn bad edges. If ft <S c 
then there are at most cn 2 c-bad pairs. Since there is no T^'-odd tetrahedron, any bad edge 
of G contains at least one 1/30-bad pair. 

Without loss of generality we have |V^'| > n/4+1. Thus for each V2 £ V% and V3 E V% there 
is some V4 G V[ with 1*2^3^4 G G. Each such edge is bad, so contains a 1/30-bad pair. The 
bad pair can only be V2V3 for at most cin 2 such triples. Thus without loss of generality there 
is a vertex v G V4 such that at least n/10 pairs v%v with V3 G V% are 1/30-bad. For each such 
pair there are at least n/30 vertices V2 G V 2 ' such that V2V3V is a bad edge. For each such bad 
edge and each v\ G V[, some triple in V1V2V3V is not an edge. Since dn^xm (G) > 1 — 2/3, 
there are at most c\n vertices v\ G V[ such that V1V2V3 is not an edge for at least cin 2 pairs 
V2V3. Thus for all but at most cin vertices V\ G V{ there are at least n 2 /300 — cin 2 pairs 
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V2V3 such that one of V1V2V or v\v^v is not an edge. Then v\v is 1/200-bad, so there are at 
least n/200 vertices V4 G for which v\vv^ is a (bad) edge. 

Now for each v\ G V[, V4 G V4 such that is an edge and 16 V 2 'U V3, at least one of 

V1XV4, vixv, xvvi is not an edge. Since 0,1) (^9 an d ^(i, 1,0,1) (^9 are a ^ l eas t 1 — 2/3, there 
are at most c\n vertices V\ G V[ such that v\xvt± is not an edge for at least c\n 2 pairs xt>4. 
For v\ G V/, let N±(v\) be the set of vertices V4 G V4 such that V1W4 is an edge, and v\xv± is 
an edge for all but at most 600cin vertices x G V2 U V3 . Let V" be the set of vertices v\ G V/ 
such that I -ZV4 (f 1 ) I > n/300. Then \V{ \ V{'\ < 2c\n, otherwise there are at least c\n vertices 
v\ G V[ \ V" such that there are at least n/200 — | A^ui) | > n/600 vertices V4 G V4 such that 
V1W4 is an edge and V4 ^ ^4(^1), so V1XV4 is not an edge for at least 600cin • n/600 = c\n 2 
pairs xva, which is a contradiction. 

For each v\ G V", V4 G N^(vx) and all but at most 600ci?i vertices x G V 2 ' U V^', v\xv± is 
an edge, so at least one of vixv and XW4 is not an edge. Since d(v\v) + diyv^) > 25(G) = 
3n/2 — 4, and |V^'| > n/4 — 2/3n for each j G [4], precisely one of t>ixv and xvv^ is not an edge 
for all but at most 2000cin vertices x G V 2 ' U V^'. Also, vixt> and XOT4 are edges for all but 
at most 2000cin vertices x G V^' U V4. Now there can be at most cin vertices v\ G V^/' such 
that V1V2V is an edge for at least 3000cin vertices V2 G V^- Otherwise, since we have at least 
n/300 choices of W4 G N^vi), so V1W4 is an edge, and lOOOcin choices of V2 such that V2W4 
is an edge, there must be at least cfn 3 good triples V1V2V4 that are not edges, contradicting 
^(1,1,0,1) (^9 ^ 1 — 2(3. Similarly, there are at most c\n vertices v\ G V" such that V1V3V is an 
edge for at least 3000cin vertices V3 G V3. But then we can choose v\ G V" such that v\xv 
is an edge for at most 6000cin vertices x G V 2 ' U V3, which contradicts 5(G) = 3n/4 — 2. 

Thus the exceptional case considered here cannot occur. The rest of the proof goes through 
as in the previous section, so this proves Theorem ll.il □ 

8.7. Strong stability for perfect matchings. We conclude this section by applying a 
similar argument to that in Lemma [8 .191 to prove the stronger form of Theorem 12.101 alluded 
to earlier. For this we need the following lemma, a partite analogue of a theorem from [8], 
which gives a (very weak) bound on the vertex degree which guarantees a perfect matching 
in a /c-partite /c-system. 

Lemma 8.20. For any k there exists c4 > such that if 1/n <C df. and G is a k-partite 
k-graph on vertex classes V\, . . . , of n vertices in which every vertex of G lies in at least 
(1 — dk)n k ~ l edges of G, then G contains a perfect matching. 

Proof. We proceed by induction on k. The case k = 2 is immediate from Hall's theorem. 
Now suppose k > 2 and the result holds for (k — l)-graphs, for some d^i > 0. Introduce 
new constants with 1/n <C d^ <C d' <C b <C dk-i,l/k, and let H be the (k — l)-partite 
(k — l)-graph on vertex classes Vi,..., Vk-\ whose edges are all those (k — l)-tuples (vj)^~\ 
with Vj G Vj for j G [k — 1] which are contained in at least (1 — b/4)n edges of G. Then 
H has at least (1 — 4dk/b)n k ~ 1 edges, and so at most d'n vertices v G V% U • • • U Vfe-i lie in 
fewer than (1 — d')n k ~ 2 edges of H. Choose greedily a matching Mq in G of size at most 
d'n which covers every such vertex, and form G', H' and Vj for j G [k] by deleting the at 
most kd'n vertices covered by Mq from G, H and Vj for j G [A;]. So each Vj has equal size 
ni > (1 - d')n. 
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Now, let T be a multiset of bn\ (k — l)-tuples (vj) k ~l with vj G V- for j G [k — 1] 
chosen uniformly at random and independently of each other choice (with repetition of 
choice allowed). Then, counting repetitions, we have the following properties. 

(i) With probability 1 — o(l), for any vertex v G there are at least bni/2 sets S G T such 
that S U {v} G G". Indeed, this follows from the Chernoff bound (Lemma I6.13p . since 
for any v G V£ the number of (k — l)-tuples S = (vj) k Zl with Vj G V- for j G [fc — 1] 

and 5 U {w} G G' is at least (1 - 4)n fc - 1 - kd'n^ 1 > 2n k ~ 1 /3. 

(ii) With probability 1 — o(l), all but at most b 2 ni sets S G T are edges of if. Indeed, 
this also follows from the Chernoff bound, since \H'\ > \H\ — kd'n^ 1 > (1 — b/2)n k ~ 1 . 

(hi) With probability at least 1/2, at most 2b 2 kn\ sets S G T intersect another member 
of T. Indeed, the probability that a vertex v G V{ U • • • U V^_ 1 is covered by T is 
1 - (1 - 1/m) 6 " 1 > 6(1 - b), and so E|V(T)| > 6(1 - &)jfeni. But \V(T)\ < bkn x in any 
case, so with probability at least 1/2 we have |V(T)| > 6(1 — 2b)kn\, from which it 
follows that at most 2b 2 kn\ sets S G T intersect another member of T. 
Fix an outcome of the random choice of T so that each of these events holds, and let 
Mf C T consist of all edges of T Pi if which do not intersect any other edge of T (so 
Mf is a matching in if). Then by (i), (ii) and (iii), for any v G Vl there are at least 
ftnj/2 - b 2 n x - 2b 2 kn x > 6n x /3 sets S G Mf for which S U {v} G G". 

Let iT" be the subgraph of H' formed by deleting the vertices covered by Mf ; then the 
vertex classes V{', . . . , V fc " of H" have equal size at least n\ — bn\ > n — 2bn. In particular, 
every vertex of H" lies in at least (1 — d')n k ~ 2 — 2bkn k ~ 2 > (1 — dk-i)n k ~ 2 edges of if'. So 
by our inductive assumption, H" contains a perfect matching Mf . Let M^ = Mf U Mf ; 
then M^ is a perfect matching in if. Let -B be the bipartite graph whose vertex classes are 
M H and in which there is an edge between 5 G M H and v G V fc ' if 5 U {«} G G'. Then 
by definition of if, and the fact that at most d'n vertices of were deleted in forming VL 
every S G M H lies in at least (1 — 6/3)ni edges of B. Also, by choice of Mf every v G V! 
lies in at least 6ni/3 edges of -B. So by Hall's Theorem there is a perfect matching in B. The 
pairs (« , S) of this matching form a perfect matching in G'; combined with Mq this gives a 
perfect matching in G. □ 

We can now present our strong stability theorem for perfect matchings, showing that any 
fc-graph with minimum degree sufficiently close to n/2 has the same structure as one of the 
extremal examples. Note that the assumption k > 3 is necessary for this conclusion, but 
for k = 2 we still have the usual stability result that G is approximately contained in an 
extremal example (this follows from Theorem IT. 11 [) . 

Theorem 8.21. Suppose that 1/n <C c <C 1/k, k > 3 and k\n, and let G be a k-graph on n 
vertices with 5(G) > (1/2 — c)n and no perfect matching. Then there is a partition ofV(G) 
into parts V\, V2 of size at least 5(G) and a G {0, 1} so that |ef"l V\\ = a mod 2 for all edges 
eofG. 

Proof. Let 1/n <C 6^; c <C 1/k. By Theorem 12.101 there is a partition of V(G) into parts 
Vi, V2 of size at least 5(G) and a G {0, 1} so that all but at most bn k edges e G G have 
|e D V\\ = a mod 2. Say that an edge e is good if |e fl V\\ = a mod 2. We will show that 
all edges of G are good. Suppose for a contradiction that eo is a bad edge. We say that a 
vertex is bad if it is contained in at least ky/bn^ 1 bad edges. Then there are at most Vbn 
bad vertices. Since 5(G) > (1/3 + c)n we can greedily choose a matching E that covers all 
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bad vertices and is disjoint from eo- We let V{ and V 2 ' be the remaining vertices in V± and 
V2 after removing the vertices covered by E, and possibly also eo- By choosing whether or 
not to remove eo we may ensure that |V/| is even if a = 0, and has the same parity as n/k 
if a = 1. 

Let I = {0 < i < k : i = a mod 2}. We next choose numbers n\ > cn for i G I, such 
that Yli£i n i = an d Yli^i^i = IWI- To see that this is possible we use a variational 
argument: we start with all rij close to cn apart from no or n\ (according as G I or 1 G J), 
which is chosen so that ^ i rij = n//c, so X)ieJ initially is at most n/k + k 2 cn < \V{\, and 
has the same parity as |V/|. We repeatedly decrease some n{ by 1 and increase by 1; 
this increases by 2, so we eventually achieve ^in, = l^i'l> as required. Now we 

choose partitions V\ of V{ and V2 of V^' uniformly at random from those such that V\ has 
ni parts of size i and V2 has nj parts of size k — i for each i. For each i & I, let X|, . . . , X* . 
be the parts in V\ of size i, and Z|, . . . , Z % n . be the parts in V2 of size k — i. Then we may 
form a partition of V(G) into parts YJ for i € J and j G [A;] uniformly at random, where for 
each i and j the part Y- contains one vertex from each X l a if j < i, and one vertex from 
each Z x a if i + 1 < j. So each Y^* has size nj > cn. We consider for each i G I an auxiliary 
A:-partite A;-graph H l on vertex classes Y(, . . . , Yfe whose edges are those fc-partite A:-tuples 
that are edges of G. So the H l are vertex-disjoint, and to find a perfect matching in G, it 
suffices to show that with high probability each H l has a perfect matching. 

Fix some i £ I. Since we covered all bad vertices by E, all vertices in H % belong to at 
most k\fbn k ~ x bad edges. Now fix y\ G Y{. Say that a (k — 2)-tuple (yj) k jZ\ with yj G YJ 
for j G {2, . . . , k — 1} is y\-bad if yi . . . y^-i belongs to more than kb l / 4 n bad edges. Then 
there are at most 6 1//4 n fc_2 yi-bad (A; — 2)-tuples. Suppose that i < k, so Yt C V2; then 
a A;-tuple yi . . .yk-ix is good if x G V2 or bad if x G Vj.. Since 5(G) > (1/2 — c)n and 
< (1/2 + c)n, if (yi)^ 1 is yi-good then yi . . . yu-ix is an edge for all but at most 3cn 
vertices x G V2. The number of these vertices x that lie in Y" fc * is hyper geometric with mean 
at least (1 — 3c)|Y£|, where \Y%\ = > cn. So by the Chernoff bound (Lemma 16. 13ft . with 
probability 1 — o(l) there are at least (1 — 4c)nj such vertices x for any choice of y\ G Y{ and 
yi-good {yi)\z\. Thus y\ is contained in at least (n^ -2 — 6 1//4 n fc_2 )(l — 4c)nj > (1 — 5c)n^~ l 
edges of H l . By symmetry, with positive probability the same bound holds for all vertices in 
any H l (for i = k we have Y). C Vi, in which case we proceed similarly with the roles of V\ 
and V2 switched). Then each H l has a perfect matching by Lemma 18.201 This contradicts 
our assumption that G does not have a perfect matching. Thus the assumption that there 
is a bad edge eo was false, so all edges are good. □ 

9. The general theory 

In this final section, we give a more general result, which epitomises the geometric nature 
of the theory, in that it almost entirely dispenses with degree assumptions. We cannot hope 
to avoid such assumptions entirely when using methods based on hypergraph regularity, as 
sparse hypergraphs may have empty reduced systems. Our degree assumptions are as weak 
as possible within this context, in that the proportional degrees can be o(l) as n — > 00. The 
hypotheses of our result are framed in terms of the reduced system provided by hypergraph 
regularity, so it takes a while to set up the statement, and it is not as clean as that of our 
main theorems (which is why we have deferred the statement until now). However, the extra 
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generality provided by the geometric context will be important for future applications, even 
in the context of minimum degree thresholds for hypergraph packing problems, where the 
tight minimum degree may not imply the minimum degree sequence required by our main 
theorems. (We intend to return to this point in a future paper.) In an attempt to avoid too 
much generality, we will restrict attention to the non-partite setting here. 

First we describe the setting for our theorem. We start with the hypergraph regularity 
decomposition. 

Regularity setting. Let J be a fc-complex on n vertices, where k \ n. Let Q be a balanced 
partition of V(J) into h parts, and J' be the fc-complex of Q-partite edges in J. Let P be 
an a-bounded e-regular vertex-equitable Q-partition (k — l)-complex on V(J), with clusters 
Vi, . . . ,V mi of size n\. Let G be a Q-partite fc-graph on V(J) that is I'-close to J' k and 
perfectly e-regular with respect to P. Let Z = G A J' k . 

Next we describe the setting for the reduced system, which names the constructions that 
were used in the proof of Theorem 17. Ill While we do not specify the source of the subsystem 
(Rq,Mq), it is perhaps helpful to think of it as being randomly chosen so as to inherit the 
properties of (R,M), as in the proof of Lemma 15.41 

Reduced system setting. Let R 1 := Rpq(u,c) on [mi]. Also let (R,M) be a matched 
/c-system on [m], where R is the restriction of R 1 to [m]. Given any R' and M' which can 
be formed from R and M respectively by the deletion of the vertices of at most ip'm edges 
of M, and any vertices u, v G V(R'), choose Mq C M' such that Vq := V{Mq) satisfies 
m o '■= \Vq\ < tUq and Mq includes the edges of M' containing u,v. Let Ro = R[Vq], 
X = X(R , M ) = {x(e) - x(e') ■ e G Ro, ef S M } C R m ° and LI = {x G Z m ° : x • 1 = 0}. 

Now we can state our general theorem (in the above setting). 

Theorem 9.1. Let l/n < e < l/a < u, 1/h < c k < • • • < c\ < ip < ip' < S, 1/mg < 
a<7,l/i Suppose that m > (1 — an d the following conditions hold. 

(i) For any R',M',u and v given as above, we may choose Mo so that (Rq,Mo) satisfies 
B(0,5)nU<ZCH(X). 

(ii) 5 + (D e (R,M)) > ym. 

(Hi) L-p(R) is complete for any partition V ofV(R) into parts of size at least (7 — a)m. 
(iv) Every vertex of J is contained in at least r yn k ~ 1 edges of J. 
Then contains a perfect matching. 

Proof. We follow the proof of Theorem 17.111 outlining the modifications. Introduce con- 
stants with 

l/n <C e <C d* <C d a < l/a < u, 1/h < d, c < c k < • • • < ci 

< V < l/C < l/B, l/C < 5, l/m* < a < a 1 < 7, l/k. 

Our set-up already provides Q, J' , P, G, Z, R, M, as in that proof. (Note that we are 
working in the non-partite setting, so there is no V' or F. We also do not need to consider 
two reduced systems.) There is no Claim [7TT21 as we already have M. The proof of Claim [7TT31 
is the same, except that for (iii), instead of the minimum i^-degree assumption, we apply 
Lemma 17.141 to the edges of J containing v, using the assumption that every vertex is 
contained in at least 7n fc_1 edges of J. To prove Claim 17.151 instead of Lemma 15. 6( we 
first apply Lemma 14.11 to see that (Rq,Mq) is (B, C)-irreducible for any u and v. It follows 
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that (R',M') is (B, C)-irreducible, then we apply Lemma I4TT01 to see that D C >(R',M') is 
complete. The remainder of the proof only uses these claims, so goes through as before. 

□ 

We conclude with a remark comparing our techniques to the absorbing method, which 
has been successfully applied to many hypergraph matching problems. The idea of this 
method is to randomly select a small matching Mq in a /c-graph G, and show that with high 
probability it has the property that it can 'absorb' any small set of vertices Vq, in that there 
is a matching covering V(Mq) U Vq. Given such a matching Mq, to find a perfect matching 
in G, it suffices to find an almost perfect matching in G \ V(Mq), which is often a much 
simpler problem. The advantage of this method is that it avoids hypergraph regularity, and 
so leads to shorter proofs, when it works. However, the existence of an absorbing matching 
seems to be a fortuitous circumstance in each application of the method, and it is not clear 
how one could hope to find it in general problems. By contrast, our theory explains 'why' 
there is a perfect matching, by analysing the only possible obstructions (space barriers and 
divisibility barriers). This has the additional advantage of giving structural information, so 
we can apply the stability method to obtain exact results. 
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